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Preface

While this handbook is an exposition of different discrete transforms and their ever-
expanding applications in the general area of signal processing, the overriding task is
to maintain the continuity and connectivity among the chapters. This task is accom-
plished by the common theme of data compression. The handbook seeks to provide
the reader with a wealth of information regarding the transforms (some have been
widely used while others have great potential) as well as a demonstration of their
power and practicality in data compression. Such compression is a necessary and
desirable ingredient in today’s world of massive data storage and data transmission.
By providing a plethora of Web sites, ftp locations, and references to general review
papers, the chapter authors have expanded the usefulness of this handbook for the
common reader. The clear and concise presentations of the ideas and concepts, as
well as the detailed descriptions of the algorithms, provide important insights into the
applications and their limitations. With the understanding of these concepts, readers
can apply the techniques presented in this handbook to their own areas of interest
and improve on the performance by marrying this with their own expertise. We are
confident that this handbook will be a valuable addition to the bookshelf of anyone
actively engaged in or studying the art and science of signal processing.

The Transform and Data Compression Handbook is aimed at providing a descrip-
tion of various discrete transforms and their applications in different disciplines. In
view of the proliferation of digital data (images, video, text, documents, audio, mu-
sic, graphics, etc.), it is imperative that the data be mapped from the data domain (in
which there are usually redundancies) to a different one (the transform domain) for
efficient and economical storage and/or transmission. Transforms by themselves do
not provide any compression. However, by reallocation of the energy in the data,
transforms provide the possibilities for compression. Techniques such as adaptive
quantization and entropy coding applied to the transform coefficients can result in
significant reduction in bit rates. Depending on the quality levels required by the end
user, other parameters such as human visual/acoustic sensitivity, adaptive scanning,
statistical modeling, and variable length coding would further contribute to the bit rate
reduction. Generally transforms, wavelet transforms in particular, are well suited for
scalable coding (in spatial or temporal domains, or in SNR). This concept facilitates
data transmission in embedded bit-stream format, providing for multi-resolution (spa-
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tial/temporal) and multiquality (SNR) end products, subject to bandwidth limitation,
processing power, and cost constraints.

Many international standards relating to audio, video, and data, such as JPEG,
H.261, H.262, MPEG-1, MPEG-2, MPEG-4, HDTYV, and JPEG-2000, utilize trans-
forms in their overall compression schemes. A number of consumer and commercial
products, such as video-CD, DVD, videophone, set-top boxes, digital TV, and digital
camera/VCR, have been made possible because of signal compression. Other elec-
tronic innovations, such as MP3, video-streaming, and wireless PCS, are completely
dependent on the reduction of bit rates made possible by compression. It is not ex-
aggerating to say that data compression is one of the main contributing factors in the
explosive growth in information technology.

While different coding schemes can accomplish an amazing amount of compres-
sion, the cornerstone is still undoubtedly the underlying transform. It is for this reason
that the definitions and properties for each of the transforms dealt with in this hand-
book are presented with such care and detail. The bibliography sections and Web
sites provide further sources of information.

Outline of Chapters
Chapter 1 The Karhunen-Loeve Transform

The first transform described in this handbook is the Karhunen-Loe¢ve transform
(KLT). It takes its rightful place as the leadoff transform to be discussed. Dony does
an excellent job of interpreting this statistically optimal transform. The simple and
yet elegant explanation of rotation of axes in the data domain to achieve the “principal
components” representation underscores the significant energy compaction provided
by this transform. Other properties of the transform follow, and the chapter is rounded
off with descriptions of applications in chest radiographs and other monochrome and
color images. Web sites and software download locations are listed as well.

Chapter 2 The Discrete Fourier Transform

Discrete Fourier transform (DFT), the best known and arguably the most universally
applied transform, is presented by Selesnick and Schuller. Following an exposition
of the definitions and properties of the DFT, it is shown that by a symmetric extension
of the sequence, the DFT can lead to the discrete cosine transform (DCT), another
favorite transform described in Chapter 4. The authors then go on to develop the
fast Fourier transform (FFT) algorithms, a catalyst for all DFT applications. A novel
feature of this chapter is the linkage provided by the authors between DFT and filter-
banks, which are used extensively in audio coders. Cosine-modulated filter-banks
and complex DFT-based filter-banks are the byproducts of the DFT that are used in
Moving Picture Expert Group (MPEG) audio coders. There is an extensive list of
Web sites providing information for available software, algorithms, and applications,
as well as other related links.
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Chapter 3 Comparametric Transforms for Transmitting Eye Tap Video
with Picture Transfer Protocol (PTP)

This is a unique, challenging, and provocative chapter written by Mann, the inven-
tor of the wearable computer (WearComp), the Eye Tap camera, and reality mediator.
This chapter takes us to the forefront of the multimedia revolution with a new compu-
tational/communications device that subsumes the functionality of the videophone,
digital camera, and other wireless personal electronics innovations. Mann’s invention
functions as a true extension of the mind and body and causes the eye to function
as if it were a camera. His invention has given rise to a whole new philosophical
and mathematical approach to image compression and image storage, and it gives
a refreshingly new definition of functionality in image transmission and processing.
The new Eye Tap genre of video is best processed and compressed by comparametric
equations, essentially equations representing projections and tone scale adjustments
of images. Traditionally image compression has been directed to ensure a certain
minimum quality or reliability (e.g., worst case scenario). The author instead makes
a compelling argument in favour of “best case” scenario; Mann argues that being able
to broadcast even intermittent still images to the Internet can provide a measure of
security unmatched by conventional “robust” security systems. These arguments are
based on a definition of “fear of functionality,” a completely novel approach to the
idea of security. The author has set up a Web site from which computer programs can
be freely downloaded. Such a generous spirit is to be commended. It is also inter-
esting to note that this chapter was typeset using LaTex running on a small wearable
computer designed and built by the author.

Chapter 4 Discrete Cosine and Sine Transforms

Next to the DFT, discrete cosine transform (DCT) is probably the most used trans-
form in digital signal processing work. DCT is one of a family of trigonometric
transforms including the discrete sine transform (DST). In this chapter, Britanak
presents a unified treatment of the family of DCTs and DSTs starting with the def-
initions, properties, and fast algorithms. This chapter is particularly relevant as the
DCT has been adopted in several international standards for image/video coding. In
modified form, both DCT and DST have been used in MDCT/MDST audio coding.
Computer programs in C (listed in Sections 4.3 and 4.4) that can be implemented
to perform the transforms are very useful in all signal processing applications. The
chapter concludes with a specific application in a Joint Photographic Experts Group
(JPEG) base line system (Fig. 4.3) using the standard test image of Lena.

Chapter 5 Lapped Transforms for Image Compression

Lapped transforms (LTs), developed originally to eliminate or reduce the blocking
artifacts of block transforms such as DCT in low bit rate image/video coding, are
presented by de Queiroz and Tran. Several versions of the LTs, such as orthogonal
and nonorthogonal LTs, tree-structured hierarchical, symmetric, bi-orthogonal, and
variable length LTs, are defined, and their properties and factorization schemes are
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described. Generalized versions of the lapped orthogonal transform (LOT), called
GenLOT, are developed in Sections 5.6.3—4 while cosine-modulated LTs, otherwise
known as MLT or ELT, are discussed in Section 5.8. To demonstrate the promise
and potential for LTs in image coding, well known image compression algorithms
are applied to standard test images, with DCT or the wavelet transform replaced by
LTs. Comparative analysis shows the elimination of ringing and blocking artifacts
that are characteristic of the DCT based coders and also performance rivaling that of
the wavelet transforms.

Chapter 6 Wavelet-Based Image Compression

This is another highly valuable chapter as it addresses wavelet-based image com-
pression. Wavelet-based transforms give a time-frequency decomposition of the sig-
nal, which has multi-resolution characteristics. The transforms have superior energy
compaction and compatibility with Human Visual System (HVS). They make possi-
ble the embedded bit-stream coding corresponding to various subbands (the basis for
fast browsing of images or databases over the Internet). Discrete wavelet transforms
(DWT) and its variants have been adopted both by the FBI in the use of fingerprint
image compression and the international standards groups (JPEG-2000 and MPEG-4
still frame image coding). It is highly possible that wavelets may eventually replace
DCT in all the coders. Walker and Nguyen provide a clear explanation of the mul-
tiresolution aspects of DWT and its implementation using a 2-channel filter bank.
Some of the recent enhancements of the basic DWT, such as EZW, SPIHT, WDR,
and ASWDR, are enumerated, followed by their implementation in image coding and
subsequent evaluation. Various Web sites that provide software, literature, simulation
results, and innumerable other details further strengthen the chapter’s utility.

Chapter 7 Fractal-Based Image and Video Compression

The concepts and techniques of fractal-based image/video compression are intro-
duced in this chapter by Lu. The seminal work by Mandelbrot forms the basis of many
treatises of fractal applications, made popular by movie scenes generated graphically
by the use of fractals. Fractal-based signal analysis is currently at the forefront of
research. Although compression techniques based on affine transforms or iterated
function systems (IFS) may not have caught the attention of every researcher, their
attractive properties making possible high compression ratios and asymmetric coding
certainly deserve further study. With the advent of super HDTV, wireless cellular
multimedia phones, and interactive services on the Internet, fractal transform and its
variants such as IFS, QPIFS, and PIFS will find their rightful place in the compression
arena. Starting with the basic properties of fractals, Lu demonstrates the compres-
sion property of fractals using the encoding/decoding procedures. The capabilities
of fractals are illustrated using images and video. As with the other chapters, Web
and ftp sites, mostly maintained by universities, provide access to software, literature,
products, R&D, and applications to the interested readers.
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Chapter 8 Compression of Wavelet Transform Coefficients

The concluding chapter presents a philosophical and thoughtful argument for the
effectiveness of transforms in general and wavelets in particular for bandwidth re-
duction. The superiority of wavelet transform over others, including the widely used
DCT, is clearly demonstrated by the characteristics of the DWT. From the chapter’s
title, the reader may get a wrong impression of duplication with Chapter 6. On the
contrary, this chapter complements the topics in Chapter 6 by a clear exposition of
the superior performance of the DWT over other transforms. The subband decom-
position inherent in dyadic wavelet transform, preservation of spatial signal features
in subbands of different scales, and self similarities among subbands of the spatial
orientation are some of the reasons for this superiority. These self-similarities are
conducive to statistical context modeling and adaptive entropy coding of wavelet co-
efficients. By a lucid presentation of these concepts aided by implementation on test
images, Wu convincingly demonstrates the validity of the DWT adopted in JPEG-
2000 and MPEG-4 and the bright future it has in other applications.
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List of Acronyms

AFB Analysis filter bank

ASPEC Audio spectral perceptual entropy coding
ASWDR Adaptively scanned wavelet difference reduction
bpp Bits per pixel

CREW Compression by reversible embedded wavelets
DCT Discrete cosine transform

DFT Discrete Fourier transform

DPCM Differential pulse code modulation

DSP Digital signal processing

DST Discrete sine transform

DTFT Discrete time Fourier transform

DWP Discrete wavelet packet

DWT Discrete wavelet transform

ECECOW Embedded conditional entropy coding of wavelet
ECG Electrocardiogram

ELT Extended lapped transform

EZC Embedded zerotree coding

EZW Embedded zerotree wavelet

FAQ Frequently asked questions

FFT Fast Fourier transform

FIR Finite impulse response

FLT Fast lapped transform

FoF Fear of functionality

FPGA Field programmable gate array

GenLOT Generalized LOT

GNU GNU’s Not Unix

GNUX GNU-Linux

H.261 Standard for compression of videotelephony and teleconferencing
H.263 Standard for visual communication via telephone lines
HDTV High definition TV

HLT Hierarchical lapped transform

HSI Hue, saturation, intensity

HV Horizontal vertical

HVS Human visual system

IDFT Inverse discrete Fourier transform

IFS Iterated function systems
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I1SO
ITU
JBIG
JPEG
JPEG-LS
KLT
LBT
LOT
LT
LZC
MC
MDCT
MDST
MIMO
MLT
MOS
MP3
MPEG
MPEG-AAC
MSE
PAC
PCA
PIFS
PR
PSD
PSNR
PTM
PTP
QCLS
oM
QPIFS
RGB
RLC
RLD
ROI
RTT
SDF
SFB
SPIHT
STW
SVD
TDAC
TF
VLC
VLD
VQ
WDR
YIQ
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International Standards Organization
International Telecommunication Union
Joint Binary Image Group

Joint Photographic Experts Group
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Karhunen-Loeve transform

Lapped bi-orthogonal transform
Lapped orthogonal transform
Lapped transform

Layered zero coding

Motion compensated

Modified discrete cosine transform
Modified discrete sine transform
Multi-input multi-output

Modulated lapped transform

Mean opinion score

MPEG-Layer 3

Moving Pictures Expert Group
MPEG advanced audio coder

Mean squares error

Perceptual audio coder

Principal component analysis
Partitioned iterated function systems
Perfect reconstruction

Personal safety device

Peak signal to noise ratio

Polyphase transfer matrix

Picture transfer protocol
Quadratic-constrained least squares
Cute sound

Quadtree partitioned iterated function systems
Red, green, and blue

Run-length coding

Run-length decoder

Region of interest

Round trip time

Symmetric delay factorization
Synthesis filter bank

Set partitioning of hierarchical tree
Spatial orientation tree wavelet
Singular value decomposition

Time domain aliasing cancellation
Time-frequency

Variable-length coding
Variable-length decoder

Vector quantization

Wavelet difference reduction
Luminance, in-phase, and quadrature-phase chrominance
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Chapter 1

Karhunen-Loeéve Transform

R.D. Dony

University of Guelph

1.1 Introduction

The goal of image compression is to store an image in a more compact form, i.e.,
a representation that requires fewer bits for encoding than the original image. This is
possible for images because, in their “raw” form, they contain a high degree of redun-
dant data. Most images are not haphazard collections of arbitrary intensity transitions.
Every image we see contains some form of structure. As a result, there is some cor-
relation between neighboring pixels. If one can find a reversible transformation that
removes the redundancy by decorrelating the data, then an image can be stored more
efficiently. The Karhunen-Loeve Transform (KLT) is the linear transformation that
accomplishes this.

In Section 1.2 we show how pixels are correlated in typical images. With the pixel
values forming the axes of a vector space, a rotation of this space can remove this
correlation. The basis vectors of the new space define the linear transformation of
the data. The basis vectors of the KLT are the eigenvectors of the image covariance
matrix. Its effect is to diagonalize the covariance matrix, removing the correlation of
neighboring pixels.

As presented in Section 1.3, the KLT minimizes the theoretical bound on bit rate
as given by the signal entropy. The entropy for both discrete random variables and
continuous random processes is defined. The KLT also maximizes the coding gain
defined as the ratio of the arithmetic mean of the coefficient variances to their geo-
metric mean. Further, the effects of truncation, block size, and interblock correlation
are also presented. Section 1.4 presents the results of using the KLT for a number of
examples.
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1.2 Data Decorrelation

Data from neighboring pixels are highly correlated for mostimages. Fig. 1.1 shows
atypical gray scale image. The image is 512 x 512 pixels in size with each gray level
brightness value of pixel being represented by an 8-bit value for a range of [0-255].
This particular image is commonly used in evaluations and is often referred to as
the Lena image. Even with a large degree of detail in many regions, the gray level
value of any given pixel tends to be similar to its neighboring pixels. To illustrate this
relationship, one can plot the gray level values of pairs of adjacent pixels as shown
in Fig. 1.2. Each dot represents a pixel in the image with the x coordinate being its
gray level value and the y coordinate being the gray level value of its neighbor to the
right. The strong diagonal relationship about the x = y line clearly shows the strong
correlation between neighboring pixels.

If we were to block the image into nonoverlapping 1 x 2 pixel blocks as shown in
Fig. 1.3, we can represent an image by a collection of two-dimensional vectors X;.
The scatter plot of this collection is equivalent to Fig. 1.2. Looking at the distributions
of the values for each of the two components as shown in Fig. 1.4, we see that they
are relatively wide and cover most of the 0-255 range. In fact, the distributions of
each component would be quite similar to the overall distribution of individual pixels
in the image.

Now, what would happen if we rotated the distribution shown in Fig. 1.2 by 45°
about the center? The result is shown in Fig. 1.5. The two components are now
decorrelated, i.e., knowing the value of the first component does not help in estimating
the value of the second. The distributions of the new components are shown in Fig. 1.6.
The first component, save for the shift and a scaling factor of +/2, is still quite similar
to the previous distributions — quite broad and covering most of the dynamic range
of the original individual pixels. The second component, however, is quite different.
It is much narrower, with a strong peak at 0. Because it has a smaller dynamic range,
we could encode its value with fewer bits. So even with a decorrelation by a simple
rotation of the axis, we can reduce the number of bits required for encoding an image.

In general, a process is decorrelated when, for zero mean random variables x; and
xj, the expectation of their product, the covariance, is zero if i # j, i.e.,

0 izj.
E(x,-xj)z{gz iij (1.1)

where E(-) is the expectation operator. Using vector notations, we may define the
vector of the values of an image block of N pixels as

x=[x;x2 ... xn]7 . (1.2)
We can then define the covariance matrix as

(€l =E[x—m)x—m)] , (1.3)
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FIGURE 1.1
Example “Lendihage. Reproduced by Special Permission of Playboy maga-
zine. Copyright©1972, 2000 by Playboy

where m = E (x) is the mean. For notational convenience, we will assume zero mean
input for the rest of this chapter. In practice, the mean can simply be removed from
the data before processing.

We wish to find a linear transformation matrix, [W], whose transpose, W17, will
rotate X to produce a diagonal covariance matrix for the transformed variable y,

y=[WI'x. (1.4)

Each column vector, w;, of [W] is a basis vector of the new space. So, alternatively,
each element, y;, of y is calculated as

yi=wW'x. (1.5)

1

© 2001 CRC Press LLC



250

200

150 -

100

50

0 50 100 150 200 250

FIGURE 1.2
Scatter plot of adjacent pixel value pairs.

For simple rotations with no scaling, the matrix [W] must be orthonormal, that is
[WI"[W] = [1] = [W][W]" (1.6)

where [I] is the identity matrix. This means that the column vectors of the matrix are
mutually orthogonal and are of unit norm. From Eq. (1.6), it follows that the inverse
of an orthonormal matrix is simply its transpose, (W] = [W]~L. The inverse
transformation is then calculated as

x =[W]y. (L.7)
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FIGURE 1.3
Image blocking with 1 x 2 pixel nonoverlapping blocks.

Further, the total energy under the transformation is preserved

Iyl =y"y
T
- (1w (1wr)
=x"[W][W]"x (1.83)
= XTX

2
= x|~ ,
where ||x|| is the norm of the vector x defined as

Ix] = vxTx

(1.9)

For the above example where N = 2, by inspection, the matrix [W] is simply a
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FIGURE 14
Distributions for each component.

rotation by 45°

cos45° —sin45 i| (1.10)

(W] = |: sin45°  cos45°

For an arbitrary covariance matrix, the problem of finding the appropriate transfor-
mation is the orthonormal eigenvector problem. Since the covariance matrix is real
and symmetric, we can find its real eigenvalues and corresponding eigenvectors. Let
[C] y be the desired diagonal covariance matrix of the transformed variable y which
will be of the form

A 0
(c1, = , (L11)
0 AN

where the diagonal elements are the variances of the transformed data. The diagonal
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FIGURE 1.5
Scatter plot of pixel value pairs rotated by 45°.

matrix can be calculated from the original covariance matrix, [C],, as

[Cly =E [ny]

_E [([W]Tx) ([W]TX)T] (1.12)
—E [[W]T (XXT> [W]]
= W] [C],[W],

or equivalently,

[C1[W] = [W][C], . (1.13)
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Distributions for each component of the rotated pixel value pairs.

Since the desired [C]y is diagonal, Eq. (1.13) can be rewritten for each column vector,
w;, of [W] as

[Cliwi = A;iw; . (1.14)

The solutions for A; and w; withi = 1,... , N in Eq. (1.14) are the N eigenvalue,
eigenvector pairs of the matrix [C], of dimension N x N. That is, each column
vector of [W] is an eigenvector of the covariance matrix, [C]y, of the original data.
To ensure that [W] is orthonormal, Gram-Schmidt orthogonalization may be applied
to the eigenvectors as they are obtained.

This transformation defined by the eigenvalues of the covariance matrix is the
Karhunen-Log¢ve transform (KLT), named after Karhunen [17] and Loéve [19] who
developed the continuous version of the transformation for decorrelating signals.
Earlier, Hotelling [15] had developed a “method of principal components” for re-
moving the correlation from the discrete elements of a random variable. As a result,
the method is also referred to as the Hotelling transform or principal components
analysis (PCA).
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1.2.1 Calculation of the KLT
Estimation of Covariance

The calculation of the KLT is typically performed by finding the eigenvectors of the
covariance matrix, which, of course, requires an estimate of the covariance matrix. If
the entire signal is available, as is the case for coding a single image, the covariance
matrix can be estimated from n data samples as

~ 1<
[Cle =~ X;Xin , (1.15)
i=

where x; is a sample data vector. If only portions of the signal are available, care
must be taken to ensure that the estimate is representative of the entire signal. In the
extreme, if only one data vector is used then only one nonzero eigenvalue exists, and
its eigenvector is simply the scaled version of the data vector. For typical images, it
is rarely the case that their covariance matrix has any zero eigenvalues. For a data
vector of dimension N, a good rule of thumb is that at least 10 x N representative
samples from the various regions within an image be used to ensure a good estimate
if it is not feasible to use the entire image.

Calculation of Eigenvectors

While it is beyond the scope of this chapter to provide a detailed discussion of the
algorithms for extracting the eigenvalues and eigenvectors, we will present a brief
overview of the general methods commonly used. The reader is referred to [16, 28]
for more detailed explanations. For actual implementations of the methods, many
numerical packages such as LAPACK [22] (which is based on EISPACK [21] and
LINPACK [23]), MATLAB [20], IDL [31], and Octave [11], and the routines in
“cookbooks,” such as that by Press et al. [28], provide routines for the solution of
eigensystems.

A simple approach is the Jacobi method. Itdevelops a sequence of rotation matrices,
[P];, that diagonalizes [C] as

[D] = [VIT[C][V], (1.16)

where [D] is the desired diagonal matrix and [V] = [P]{[P]>[P]3z---. Each [P];
rotates in one plane to remove one of the off-diagonal elements. It is an iterative
technique which is terminated when the off-diagonal values are close to zero within
some tolerance. Upon termination, the matrix [D] contains the eigenvalues on the
diagonals and the columns of [V] are the basis vectors of the KLT.

While this technique is quite simple, for larger matrices it can take a large number
of calculations for convergence. A more efficient approach for larger, symmetric
matrices divides the problem into two stages. The Householder algorithm can be
applied to reduce a symmetric matrix into a tridiagonal form in a finite number of
steps. Once the matrix is in this simpler form, an iterative method such as QL
factorization can be used to generate the eigenvalues and eigenvectors. The advantage
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of this approach is that the factorization on the simplified tridiagonal matrix typically
requires fewer iterations than the Jacobi method.

Recently, there has been some interest in iterative methods of principal components
extraction that do not require the calculation of a covariance matrix [7, 14, 26]. These
techniques update the estimate of the eigenvectors for each input training vector. One
such method developed by Oja [25] is of the form

Wi+ 1) = W) +a [yOx(0) = YAOWD)| | (1.17)
where x is an input vector, w(z) is the current estimate of the basis vector, y = wlx
is the coefficient value, and « is a learning-rate parameter. Eq. (1.17) has been
shown to converge to the largest principal component [14, 27]. This algorithm can be
generalized through deflation to extract any or all of the principal components [7, 33].
Also, adaptive schemes have been based on this method [8]. While these algorithms
have some advantages over covariance-based methods, there are still some concerns
over stability and convergence [3, 4, 35].

Markov-1 Solution

The calculation of the eigenvectors for an arbitrary covariance matrix can still
require a large number of computations. However, there is a special class of matrix
that has an analytical solution for its eigenvectors and eigenvalues [29, 30]. If a
process were to have a covariance function of the form

[Clij = o2pl =T, (1.18)

where p is the correlation coefficient such that 0 < p < 1, such a process is referred
to as a first order stationary Markov process or simply Markov-1. The solution for
the ith element of the jth basis vector for N-dimensional data is given by

1/2
2 1
w;j = |:—):| sin {rj |:(i+1)— (W + )i|+(j+l)%} , (1.19)

(N +u 2

where (; is the jth eigenvalue calculated as

W= (1—,02> [1—2005 (rj)+p2] : (1.20)
and r; is the jth real positive root of the transcendental equation

(1 — p2) sin (r)

tan (Nr) = — .
an (N'r) cos (r) —2p + p2cos (r)

(1.21)

To extend this to two-dimensional data, one can assume a separable transform. The
horizontal and vertical correlation coefficients, pg and py, are estimated from the im-

age to calculate a horizontal basis set, wi( ]H), and vertical basis set, wi( }/), respectively.
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Then, the i, j element of the kth two-dimensional basis vector, wj ji, is calculated as
the product of the two:

H |4
wiji = wi wl) (1.22)

As many images exhibit a Markov-1 structure, this solution to the KLT can be quite
useful due to its ease of generation.

1.3 Performance of Transforms

On its own, an orthonormal transformation does not effect data compression. The
blocks of pixels are simply transformed from one set of values to another and, for
reversible transformations, back again on reconstruction. To reduce the number of bits
for representing an image, the coefficients are quantized, incurring some irreversible
loss, and then encoded for more efficient representation. By decorrelating the data
before these steps using the KLT, more data compaction can be achieved.

To examine the effects of this extra efficiency, we can make use of Shannon’s
information measures [34].

1.3.1 Information Theory

The information conveyed by an observation of some random process is related
to its probability of occurrence. If an observation were all but certain to occur,
i.e., its probability were close to 1, it would not be very informative. However, if
it were quite unexpected, the observation would convey much more information.
Shannon formalized this relationship between the probability of an event, P(x), and
its information content, / (x), as

I(x) =—logP(x). (1.23)

If the logarithm is taken with respect to base 2, the information, 7 (x), is measured in
units of bits.

A random variable, X, is a collection of all possible events and their associated
probabilities. The average information for a random variable can be calculated as

Hx) =) P(xi) I (x)

(1.24)
=—Y P@)logP (x;),

where the sum is taken through all possible events. The average information is called
the entropy of the process.
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Entropy is useful in determining theoretical performance measures of compression
methods. Shannon showed that entropy gives a lower bound on the average number
of bits required to encode the events of a random process without introducing error.
In other words, one needs at least as many bits per event, on average, as the entropy
to represent a set of observations.

However, these measures are not directly applicable to the coefficients of an arbi-
trary transformation. They are defined for discrete events whereas the coefficients,
since they are floating-point values, must be considered real-valued samples of con-
tinuous distributions. Since the probability of any such real-valued sample is zero,
the (discrete) entropy is undefined. Instead, we define the differential entropy [13] as

o0
h(x) = —/ p(s)log p(s)ds . (1.25)
—0o0

For simple distributions such as the Gaussian, uniform, or Laplacian distributions the
differential entropy is of the form

1
h(x) = Elogaxz—i-k, (1.26)

where o2 is the variance of the random variable and & is a distribution-dependent
constant (e.g., for a Gaussian, k = % log, 2me) [1].

A good transformation, then, should minimize the sum of the differential entropies
for the resulting coefficients. Due to the logarithmic term, this is equivalent to mini-
mizing the product of the variances of the coefficients. However, recall that for any
orthonormal transformation, the total energy is preserved, so the sum of the coeffi-
cient variances is fixed. One measure of the efficiency of the transform is the coding
gain [10] defined as the ratio between the algebraic mean of the variances, which
is independent of the transform, and the geometric mean of the variances, which is

transform dependent: N
1 2
N Z %yi

i=1

Gy =—"=" . (1.27)

=N /N
1o

i=1

For the raw signal, before any transformation, all the variances are approximately
equal giving a unity coding gain. Any increase in one of the coefficient variances
must be matched by an equal decrease in one or more of the other variances for an
orthonormal transform. The arithmetic mean is therefore the same, but the geometric
mean decreases resulting in a coding gain of greater than one.

For a given energy of the signal, minimizing the product of the variances maximizes
the coding gain. Conversely, maximizing the coding gain minimizes the lower bound
on the number of bits required to encode the image. So, to minimize the product
of the variances given a fixed sum, one should maximize the variance of the first
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coefficient. Next, subject to the orthonormality constraint, maximize the variance of
the second coefficient, and so on. This procedure is nothing more than extracting the
principal components or, equivalently, generating the KLT. Therefore, the KLT, by
decorrelating the data, produces a set of coefficients that minimizes the differential
entropy of the data.

1.3.2 Quantization

In transform coding, the transform coefficients are quantized to effect the data
reduction. While the transformation is reversible, quantization is not, and therefore
introduces error. Let y be the set of quantized coefficient values for a block. On
reconstruction, the block is calculated as

%= [WI§ . (1.28)

The squared error for the block is calculated as

(1.29)

=[5 -vI" -

So, the squared error on reconstruction is the same as the squared error of the coeffi-
cients for orthonormal transformations.

The quantized coefficients are typically encoded using a lossless method, such as
arithmetic coding or Huffman coding. These methods can, at best, reduce the average
number of bits to the entropy of the quantized coefficients.

To illustrate the advantage of performing the KLT before quantization, we calculate
the total entropy for a number of quantization intervals on both the original data and
the transformed data. For this example, a midstep, uniform quantizer is used where
the quantized value is calculated as

y =g round (y/q) , (1.30)

based on the width of the quantization interval, g, where the function round(x)
returns the nearest integer to the real value x. The results are shown in Fig. 1.7. For
a given squared error due to quantization, the entropy in bits per pixel is less for the
transformed data than for the original data.

1.3.3 Truncation Error

Another approach to reducing the data and hence introducing error is the complete
removal of a number of the coefficients before quantization. Say only M of the N
coefficients were to be retained. The resulting expected squared error is calculated as
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FIGURE 1.7

Plot of mean squared error (MSE) versus entropy in bits per pixel for a number
of quantization widths.

e[7] - [yXt-a]

M
1
= 5E Z i — i)+ Z (i — 0)? (1.31)
_= i=M+1
| W~
= —E| Y ¥
N i=M+1

Recall that for the KLT the variances of the coefficients, aiz, are the eigenvalues, A;,
of the covariance matrix. To minimize the expected squared error, the M coefficients
corresponding to the M largest eigenvalues should be kept.
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Notice that the above minimization is valid for any transformation whose M basis
vectors span the M-dimensional subspace defined by the M largest principal compo-
nents (eigenvectors for the M largest eigenvalues). However, only the KLT ensures
that the remaining coefficients can be coded with the minimum number of bits since
it minimizes the differential entropy of the coefficients. To illustrate this point, let
us generate the 64 KLT basis vectors for an 8 x 8 blocking of the test image and
keep only the first four. The variances of the resulting coefficients are shown in the
first column of Table 1.1. The MSE due to the removal of the 60 lowest variance
coefficients is 96.1. Now, let us generate another set of 4 basis vectors by taking
random linear combinations of the first 4 KLT basis vectors. The new set still spans
the space defined by the original 4 KLT basis vectors. As a result, the MSE due to
truncation and the sum of the remaining variances are identical to those of the KLT
bases. However, the product of the variances is much higher, and, as a result, the
coding gain is much smaller than for the KLT bases. This means that the representa-
tion is less efficient and will require more bits to encode the coefficients for the same
degree of distortion.

Table 1.1 Performance Differences
Between First Four Basis Vectors of KLT and
a Random Combination of Them

KLT bases  Random span

o? 113995 20876
o} 6380 18236
o} 2727 79310
of 1691 6873
4
> o} 125294 125294
i=1
64
> o} 6147 6147
i=5
Truncation MSE 96.1 96.1
4
[]o? 3.6 x 101 207.5 x 103
i=1
Coding gain 4.04 1.47

1.3.4 Block Size

The question remains of what size to use for the image blocks. The larger the block,
the greater the decorrelation, hence the greater the coding gain. However, the number
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of arithmetic operations for the forward and inverse transformations increases linearly
with the number of pixels in the block. Furthermore, the size of the covariance matrix
is the square of the number of pixels. Not only does the calculation of the eigenvectors
require more resources, but the number of samples to get a reasonable estimate of the
covariance matrix increases significantly. As well, if the set of KLT basis vectors is to
be kept with the image for reconstruction, the size of the basis set is also of concern.
Therefore, there is a trade-off between computational requirements and the degree of
decorrelation in determining the block size.

Fig. 1.8 shows the coding gain as a function of block size for the test image. It
clearly shows that the use of larger block sizes results in larger coding gains. For
example, increasing the block size from 4 x 4 to 8 x 8 increases the gain from 27
to 39. However, the number of floating point operations per pixel increases by a factor
of four from 32 to 128.

70

60

50

Coding gain
N
o

30

20

10 1 1 1 1 1 1 )
2 4 6 8 10 12 14 16

Block size (N x N)

FIGURE 1.8
Coding gain as a function of block size for test image.
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Of course, using a block the same size as the image results in a perfect coding
gain since the entire image can be represented by a single component. Unfortunately,
this representation is so image specific that the transform basis itself must also be
included with the compressed image to enable reconstruction. Since the basis vector
is the image, one is no further ahead. However, such full-frame transform coding
may be appropriate for sequences or collections of similar images.

Interblock Correlation

The KLT produces decorrelated coefficients within the image blocks. There is no
assurance, however, that the coefficients from block-to-block are also decorrelated.
In fact, for most images there is a significant correlation between the first coefficients
for adjacent blocks. For example, Fig. 1.9 shows the scatter plot of adjacent pairs of
the first coefficient for the 8 x 8 KLT of the test image. Note the strong correlation
between the adjacent values. In contrast, Fig. 1.10 shows little if any correlation
between adjacent second coefficients.

A simple method of reducing such correlation is to encode only the difference
between adjacent coefficients after initially encoding the first. This method is known
as differential pulse code modulation (DPCM). The use of DPCM on the first coeffi-
cients significantly increases the overall coding efficiency by reducing the variance of
the coefficient. For example, performing DPCM on the first coefficient of the above
8 x 8 KLT coefficients reduces the variance from 113995 to 51676. The resulting
scatter plot of the adjacent pairs of differences is shown in Fig. 1.11. The use of
DPCM has removed the correlation between adjacent values of the first coefficient.

1.4 Examples
1.4.1 Calculation of KLT

To calculate the KLT of an image, the covariance matrix is first estimated. The
estimate is calculated from the set of sequential nonoverlapping blocks for the image.
For the following examples, blocks of 8 x 8 pixels are used. For the “Lena” image,
this results in 4096 blocks. The eigenvalues and the corresponding eigenvectors
are extracted from the covariance matrix. Because the matrix is symmetric, the
eigenvalues and eigenvectors can be calculated using the tridiagonalization and QL
factorization approach.

The resulting 64 basis vectors are shown in Fig. 1.12 as two-dimensional basis
images or blocks. The bases are in order from the largest variance at the top left to
the lowest at the bottom right. Dark pixels represent negative values and light pixels
represent positive values. The first basis is almost flat due to the similarity of pixel
values within most blocks. As was the case for the two-dimensional scatter plot of
Fig. 1.2, the 64-dimensional scatter plot would show a strong concentration of points
along the diagonal line x; = xp = --- = xg4. As this is true for most images, the
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Scatter plot of adjacent pairs of the first coefficient.

first component of the KLT tends to be constant or d.c. As the variance increases, the
degree of variation, or frequency, increases. This relationship generally agrees with
the form of the KLT solution for a Markov-1 process as shown in Eq. (1.19) where
the frequency increases as the basis index increases. Again, as most images have an
approximate Markov-1 structure, the form of the KLT bases are similar.

1.4.2 Quantization and Encoding

Once the coefficients are calculated, they are quantized and then losslessly encoded.
There are numerous such methods, but a discussion and comparison of them would be
beyond the scope of this chapter. For illustrative purposes, we will use an encoding
scheme similar to that adopted by the JPEG standard [36]. The coefficients are
quantized by a midstep uniform quantizer as defined in Eq. (1.30). For simplicity, the
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FIGURE 1.10
Scatter plot of adjacent pairs of the second coefficient.

same quantization step size, ¢, is used for all coefficients, unlike the JPEG standard
that varies the degree of quantization for each coefficient according to the visibility of
error as judged by human observers. Each quantized coefficient is encoded first by a
Huffman encoded value for the number of bits required by the coefficient followed by
the minimum number of bits for the coefficient value itself. Zero-valued coefficients
from adjacent blocks are run-length encoded for further compaction.

The results for various degrees of quantization are shown in Table 1.2. As the
coarseness of quantization increases, the size of the file decreases resulting in greater
compression. The equivalent average number of bits per pixel is also shown. For
comparison to show the efficiency of the coefficient encoding, the entropy of the
quantized coefficient values is also shown. The actual bit rate and the entropy are
very similar. Athigh compression the actual bit rate is slightly lower than the entropy
because of the run-length encoding of zero values.
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Scatter plot of adjacent pairs of differences of the first coefficient.

As the bit-rate decreases, distortion increases. Table 1.2 shows the distortion in
two equivalent common measures [6]. The mean squared error (MSE) is defined as

MSE = E [(x _ )2)2] , (1.32)

where x is the original pixel value and X is the reconstructed value. The peak signal-
to-noise ratio (PSNR) is a logarithmic measure of distortion given in decibels (dB)
and is defined as

(255)2
E[(x-#7]
where 255 is the peak value of an 8-bit image. The larger the PSNR value, the better
the accuracy of reconstruction. The plot of the distortion as PSNR versus the bit

PSNR = 101og,, (1.33)
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FIGURE 1.12
KLT basis images for ‘“Lena” image.

rate is shown in Fig. 1.13. From rate-distortion theory, for a stationary memoryless
Gaussian source, the bit rate, R, as a function of the squared error distortion, €2, is
given by [1]

0 o2 <& (1.34)

R(e) = {%logz (0%/e%) 0=<e?<o?,
For high bit rates, the rate-distortion curve follows the logarithmic relationship be-
tween the squared error and the bit rate. As the quantization interval increases, the
distortion overtakes the variance for more coefficients. As a result, the curve begins
to drop sharply as the distortion increases without a corresponding further reduction
in bit rate. In the limit as the quantization interval increases, the bit rate becomes zero
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Table 1.2 Compression of “Lena” Image Using KLT
Quantizer File Size Bits/pixel Entropy MSE PSNR

Width (bytes) (bits) (dB)
2 139948 4.27 4.08 042 5195

4 109141 3.33 3.11 142 46.62

8 78820 241 2.18 5.19 4098
16 42245 1.29 1.28 15.01 36.37
24 27196 0.83 090 23.78 34.37
36 18375 0.56 0.64 36.27 3254
48 13893 0.42 050 4845 31.28
64 10548 0.32 0.39 6470 30.02
92 7547 0.23 028  93.68 2841
128 5492 0.17 021 130.19 2698
192 3797 0.12 0.15 19921 25.14
256 2831 0.09 0.11 27342 23.76
512 1457 0.04 0.06 638.18 20.08

and the squared error is then simply the variance.

Fig. 1.14 shows the reconstructed image after a compression of 10:1 (0.8 bits per
pixel). Overall, very little distortion is visible. Areas of constant brightness, edges,
lines, and textured regions are all reproduced quite faithfully. Even on closer examina-
tion, little distortion is evident, as shown by comparing Figs. 1.15(a) and (b). At 10:1
compression, some minor distortion is seen as spurious texture in the background.
As well, the lone feather piece in the center-left region is somewhat distorted. As the
compression ratio increases, though, the distortion becomes more apparent, as shown
by Figs. 1.15(c) and (d) for ratios of 20:1 and 40:1, respectively. The texture of the hat
is lost in areas at 20:1, while artifacts in the background region are more pronounced.
The edges of the hat, however, are still rather crisp and the textured region of the
feathers on the brim does not seem as distorted as the hat texture. Because the set of
bases is image specific, certain features, such as these, may be well represented and
be somewhat resistant to distortion at moderate compression ratios. By 40:1, though,
the image is quite distorted. This type of distortion is sometimes referred to as “block
effect distortion” because the block boundaries used in block transform coding are
visible.

1.4.3 Generalization

In theory, the transform basis set for the KLT is specific to a particular image.
However, in practice the statistics of images at the block-size level of detail tend to be
similar. As aresult, the KLT computed from one set of image data performs quite well
on another set. For example, the above results were based on the KLT computed from
the covariance matrix of the set of sequential, nonoverlapping blocks from the image.
These blocks are the exact data that are used to encode the image. If the covariance
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FIGURE 1.13
Plot of distortion (PSNR) versus bit rate showing both the entropy and actual
coding rates.

matrix were to be calculated from randomly chosen blocks from arbitrary locations
on the image, the data for generating the KLT would be different from the data used
in encoding the image. Fig. 1.16 shows the results for both the KLT generated from
the sequential set of blocks and a set of 4096 randomly chosen blocks. While the
transform generated from the same data to be coded performs better, the improvement
is not significant.

What happens if the KLT is generated based on an image completely different from
the one being encoded? A second test image, “Goldhill,” is shown in Fig. 1.17. This
image was encoded using the KLT generated from the image and the KLT originally
generated from the “Lena” image. The rate-distortion curves are shown for both
cases in Fig. 1.18. As expected, using the same data for generating the transform as
for encoding results in better performance than using different data to generate the
transform. However, as the figure shows, this increase is only minor. In this case, the
transformation based on the “Lena” image generalizes well to the other image.
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FIGURE 1.14
Image after compression of 10:1, MSE = 24.8, PSNR = 34.2 dB. Reproduced by
Special Permission of Playboy magazine. Copyright ©1972, 2000 by Playboy.

1.4.4 Markov-1 Solution

To compare the usefulness of the Markov-1 solution to the KLT, we first look at
the autocorrelation of the image. As shown in Table 1.3, the autocorrelation does
appear to follow the Markov-1 model of E[x;x;] = E[xz]p‘i_j I with pg = 0.9543
for horizontally neighboring pixels. A similar relationship also holds for vertically
neighboring pixels with py = 0.9768. For simplicity we will assume a separable,
isotropic distribution and choose p = 0.9543 for both directions. The resulting KLT
bases are shown in Fig. 1.19. Note the strong sinusoidal nature of the basis images.
The rate-distortion results for using this set of KLT bases are shown in Fig. 1.20 along
with the original results for the KLT generated from the image itself. Since the two
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a) Original b) Compressed 10:1

c) Compressed 20:1 d) Compressed 40:1

FIGURE 1.15

Details of image before and after 10:1, 20:1, and 40:1 compression. (a) Original,
(b) Compressed 10:1, (c) Compressed 20:1, (d) Compressed 40:1. Reproduced
by Special Permission of Playboy magazine. Copyright ©1972, 2000 by Playboy.

curves are almost identical, the savings in computational resources from having a
closed form solution for the Markov-1 case incurs little if any cost in performance.

1.4.5 Medical Imaging

One of the most demanding application areas for the use of image compression
is the compression of medical images. The implications of introducing any sort of
distortion in this class of images are grave. There are numerous legal and regulatory
issues which consequently are of concern [37]. As a result, there is an argument for
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FIGURE 1.16
Plot of distortion versus bit rate for KLT calculated from both randomly chosen
blocks and sequential blocks.

the use of lossless compression in this field; however, such an approach is of limited
usefulness due to the theoretical limits on the maximum allowable compression.

The question, of course, is how much compression can be achieved? For lossy
image compression methods, this is the same as asking how much distortion can be
introduced in the reconstructed image. To answer this question, the end-use of the
images must properly be defined. For the following example, as originally presented
in Dony et al. [9], the application is for educational use. Currently, radiology residents
acquire their diagnostic skills through examining actual clinical images of normal
patients as well as those with various pathologies. With the growth in digital imaging,
it is now possible to store such a library of images digitally in a computer database.
The residents would be free to call up any of the images and examine them at their
convenience. The evaluation criteria for this environment are quite different from, say,
a diagnostic environment. In the educational environment, the diagnosis or pathology
is given beforehand. It is sufficient that an image show clearly the pathology in
question or the characteristics of a normal image. So, it is the overall quality of the
image and the visibility of the pathology as judged by an experienced radiologist
which must be measured.
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FIGURE 1.17
Second test image, “Goldhill.”

Nine digital chest radiographs (X-rays) obtained for clinical reasons were selected
for evaluation as being representative of both normal anatomy and pathology. A
sample image is shown in Fig. 1.21. Each of the nine images was compressed using
an adaptive variation of the KLT at 10:1, 20:1, 30:1, and 40:1, and the five versions of
each image were presented simultaneously to each of seven radiologists, in random
order and without the evaluator knowing the degree of compression. The radiologists
were asked to rank image quality and visibility of pathology in the context of their
suitability for educational use. Possible ratings varied from excellent, good, and fair
— acceptable — and poor or bad — unacceptable. A mean opinion score (MOS) was
calculated by assigning a numeric value to each rating, e.g., excellent scored 5 points
and bad 1 point [24].
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FIGURE 1.18
Distortion versus bit rate for “Goldhill” image using KLT from both “Goldhill”
image and “Lena” image.

The results of evaluation are summarized in Fig. 1.22 which shows the plot of the
mean opinion score for both scoring criteria. The figure shows that the MOS at the
various degrees of compression remains quite close to that of the original. For image
quality, the MOS for the original is 4.28 and drops only to 4.01 at 40:1. The MOS
for the pathology visibility is 4.33 for the original and 4.10 for the 40:1 compression
ratio. Therefore the use of a compression method based on the KLT results in usable
images at even relatively high compression.

1.4.6 Color Images

Another application of the decorrelation abilities of the KLT is the compression
of color images. Color images can be represented by three color components per
pixel. Typically these are the three primary colors, red, green, and blue (RGB),
corresponding to the responses of the three color receptors in the retina of the human
eye. Similarly, in most color vision systems, three color filters of red, green, and blue
are used to produce, respectively, the three color components per pixel. From the
original RGB data, there are numerous transformations that can represent color values
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Table 1.3 Correlation Between First 8
Neighboring Pixels on the Rows
Elxix;]  Elxix;1/Elxi—1x;]
i—jl=0 2657 -
li—jl=1 2589 0.9744

li—jl=2 2472 0.9546
li—jl=3 2338 0.9460
li—jl=4 2223 0.9510
li—jl=5 2111 0.9492
li—jl=6 2010 0.9524
li—jl=7 1914 0.9523

in different coordinate spaces [18]. Some, for example HSI, express the components
in a form that follows more closely the human perceptions of color qualities such as
hue, saturation, and intensity. Others, for example YIQ, attempt to decorrelate the
chromatic and intensity information. For the following example, we will explore the
use of the decorrelation property of the KLT on the raw RGB data.

A simple approach to compression would be to treat each of the three RGB com-
ponents as separate images. However, this method does not exploit the correlation
between the three color values at each pixel. An alternative is to include all three
component pixel values within a block. For example, an 8 x 8 block will contain 192
individual values. The KLT can then decorrelate the component values allowing
improved coding.

To show the difference in coding performance between combining and not com-
bining the three component values, the image shown in Fig. 1.23 is used as a test
image. The image is 512 x 768 pixels in size and each pixel has 3 RGB values of
8 bits each for a total of 24 bits per pixel. For the separate encoding, three transforms
were calculated and applied, one for each component. The resulting rate-distortion
relationship is shown as the dashed curve in Fig. 1.24. The bit rate combines the file
sizes of all three components and the distortion is the mean across the components.
For the combined method, the image was divided into blocks of 8 x 8 pixels x 3 com-
ponents for a total input dimension of 192. The performance of the KLT generated
from this data is shown by the solid curve of Fig. 1.24. The figure shows that the
difference in performance is substantial. For example, at a compression of 12:1 (2
bits per pixel), allowing the transform to decorrelate the RGB components results in a
4 dB increase in fidelity. Again, this example shows that the greater the decorrelation,
the better the performance of the transform.
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FIGURE 1.19
KLT basis images for Markov-1 model, p = 0.9543.

1.5 Summary

The Karhunen-Loeéve transform (KLT) is defined as the linear transformation whose
basis vectors are the eigenvectors of the covariance matrix of the data. As it diagonal-
izes the covariance matrix, it decorrelates the data. The resulting set of coefficients
can be encoded with fewer bits for a given distortion than the raw data.

The KLT is the optimal transformation in terms of minimizing the bit rate. The
use of eigenvectors as the basis vectors ensures that the variance of the first coeffi-
cient is maximized, and, subject to the orthogonality of basis vectors, all subsequent
coefficient variances are maximized in order. Maximizing each variance means that
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FIGURE 1.20

Plot of distortion (PSNR) versus bit rate for the KLT from the image covariance
matrix and the KLT generated from the Markov-1 model.

the product of all the variances is minimized due to the energy preserving nature of
any orthonormal transformation. Since the total differential entropy for the blocks
increases with the product of the variances, the KLT minimizes the entropy thereby
minimizing the bound on the bit rate.

The transform has a number of important performance characteristics for image
compression. At moderate compression ratios, very little distortion is visible. As the
compression ratio increases, more distortion becomes evident. However, because the
transform is based on data from the image, some areas remain faithfully reproduced
at even relatively low bit rates. The most prominent feature of the distortion as the
compression ratio increases is the blocking effects of using finite sized blocks. While
the KLT is calculated from the covariance matrix of an image and the covariances
of different images are rarely identical, the transform based on one image can still
perform well on a different image since the second order statistics of many images are
rather similar. Even the use of the quite general Markov-1 model for the covariance
results in performance almost as effective as the strictly image-specific transformation.
As well, the decorrelating property of the transform can be used successfully on pixel
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FIGURE 1.21
Sample chest radiograph for medical image compression evaluation.

data with more than one component, such as the three RGB components in color
images.

While the KLT has the theoretically optimal decorrelation property, it has seldom
been used in practice. While the transform can generalize well, the basis vectors must
accompany an image or set of images for reconstruction if the Markov-1 model is
not used. There are also the additional computational requirements of estimating the
covariance and solving the eigensystem to extract the principal components. Further,
the computation of the forward and inverse transform is considered “slow,” requiring
an order of O(N?) operations per block of N pixels or O(N x p) for an image of
p pixels. Finally, while the transform may be optimal from an information-theoretic
basis, the distortion criterion may not correspond well with our visual perception of
distortion. For example, the block effect distortion is quite visible at high compression
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Mean opinion score across all images and evaluators.

FIGURE 1.23
Color test image, “Monarch.”
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Distortion versus bit rate for “Monarch” image for encoding the RGB compo-
nents separately and together.

ratios, yet it is not accounted for in the distortion criteria. A full frame KLT is
theoretically possible, but it is only practical for sets of quite small images.
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Chapter 2

The Discrete Fourier Transform

Ivan W. Selesnick
Polytechnic University

Gerald Schuller
Bell Labs

2.1 Introduction

The discrete Fourier transform (DFT) is a fundamental transform in digital signal
processing, with applications in frequency analysis, fast convolution, image process-
ing, etc. Moreover, fast algorithms exist that make it possible to compute the DFT very
efficiently. The algorithms for the efficient computation of the DFT are collectively
called fast Fourier transforms (FFTs). The historic paper by Cooley and Tukey [15]
made well known an FFT of complexity N log, N, where N is the length of the data
vector. A sequence of early papers [3, 11, 13, 14, 15] still serves as a good reference
for the DFT and FFT. In addition to texts on digital signal processing, a number of
books devote special attention to the DFT and FFT [4, 7, 10, 20, 28, 33, 36, 39, 48].

The importance of Fourier analysis in general is put forth very well by Leon Co-
hen [12]:

. . . Bunsen and Kirchhoff, observed (around 1865) that light spectra
can be used for recognition, detection, and classification of substances
because they are unique to each substance.

This idea, along with its extension to other waveforms and the invention
of the tools needed to carry out spectral decomposition, certainly ranks
as one of the most important discoveries in the history of mankind.
The kth DFT coefficient of a length N sequence {x(n)} is defined as
N-1
X(k) =Y x(n) Wy, k=0,...,N—1 2.1)
n=0
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where

. 2 2
Wy = e /7N = cos ild — j sin ild
N N

is the principal N-th root of unity. Because Wl’f,k as a function of k has a period of
N, the DFT coefficients {X (k)} are periodic with period N when k is taken outside
the range k = 0, ..., N — 1. The original sequence {x(n)} can be retrieved by the
inverse discrete Fourier transform (IDFT)

N-—1
1 —k
x(”)ZN];)X(k)Wan n=0,...,.N—1.

The inverse DFT can be verified by using a simple observation regarding the principal
N-th root of unity Wy. Namely,

N—-1
ZW”k=N~8(k), k=0,....,N—1,
n=0

where § (k) is the Kronecker delta function defined as

sw={5 20,

For example, with N = 5 and k = 0, the sum gives
I+1+1+1+1=5.
For k = 1, the sum gives
2 3 4 _
1+ Ws+Ws+Ws+Ws =0
which can be graphically illustrated as:

0
W5
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The sums can also be visualized by looking at the illustration of the DFT matrix in
Fig. 2.1. Because Wl’f,k as a function of k is periodic with period N, we can write

N—-1
D Wi =N-5((k)w)
n=0

where (k) y denotes the remainder when k is divided by N, i.e., (k) y is kK modulo N.
To verify the inversion formula, we can substitute the DFT into the expression for
the IDFT:

1 N—-1 /N—1
x(n) = <Z x(l) Wﬁ) Wk, 2.2)
k=0 \1=0
1 N-1 N-1 ]
= 2 Y Wy 2.3)
=0 k=0
1 N—1
=5 D XONS(n—1)N) . 24)
N =0
=x(n). (2.5)

2.2 The DFT Matrix

The DFT of a length N sequence {x(n)} can be represented as a matrix-vector
product. For example, a length 5 DFT can be represented as

X (0) 11 1 1 1 x(0)
X(1) 1 w2 w3 ow x(1)
X2 |=1 w2 w* wé w8 x(2)
X(3) 1 w3 owe w® wi2 x(3)
X (4) 1wt wd wiz wle x(4)
where W = Ws, or as
X = FN X,

where Fy is the N x N DFT matrix whose elements are given by
(FN)l,m:W][Vm O0<l,m<N-—1.

As the IDFT and DFT formulae are very similar, the IDFT represented as a matrix is
closely related to Fy,

1
F.!l= —F%
N N N
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where F7; represents the complex conjugate of Fy .

It is very useful to illustrate the entries of the matrix Fy as in Fig. 2.1, where each
complex value is shown as a vector. In Fig. 2.1, it can be seen that in the kth row of the
matrix the elements consist of a vector rotating clockwise with a constant increment
of 2wk/N. In the first row k = 0 and the vector rotates in increments of 0. In the
second row k = 1 and the vector rotates in increments of 2w /N.

"*-\\1/,/""“\\ t r s -
- Ny s = > 1 N t s
-y s~ t ,«\/._\ o~y - N t
- - t -, - 1 -, - t -, - t
-, N s - [N s N
- t NI ;I\ -, t N ;l\
- 7y t N . /l\ N
-~ , . R \'/ s o
-8 - \I/ -8 - \t/
U EDN Y N Ny
-~ t - , -t - | -t - , .t = ,
-~ N _ , \/\._/ N \
_/l\_/ . \_./"\_/ N
_/-//t\\\_,// N

FIGURE 2.1
The 16-point DFT matrix.

2.3 An Example

The DFT is especially useful for efficiently representing signals that are comprised
of a few frequency components. For example, the length 2048 signal shown in Fig. 2.2
is an electrocardiogram (ECG) recording from a dog!. The DFT of this real signal,
shown in Fig. 2.2, is greatest at specific frequencies corresponding to the fundamental
frequency and its harmonics. Clearly, the signal {x(n)} can be represented well even
when many of the small DFT {X (k)} coefficients are set to zero. By discarding, or
coarsely quantizing, the DFT coefficients that are small in absolute value, one obtains a

IThe dog ECG data is available from the Signal Processing Information Base (SPIB) at URL
http://spib.rice.edu/.
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more efficient representation of {x(n)}. Fig. 2.3 illustrates the DFT coefficients when
the 409 coefficients that are largest in absolute value are kept, and the remaining
1639 DFT coefficients are set to zero. Fig. 2.3 also shows the signal reconstructed
from this truncated DFT. It can be seen that the reconstructed signal is a fairly accurate
depiction of the original signal {x(n)}. For signals that are made up primarily of a
few strong frequency components, the DFT is even more suitable for compression
purposes.

ORIGINAL DOG HEART DATA
500 T T T T T T T T T T

400 ]
300 y

€
S 200+ ]

B0 1 1 I O

1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
n

x 10* DFT OF DOG HEART DATA
3.5 T T T T T T T T T T

0 L 1 L L L L Ll
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k

FIGURE 2.2
2048 samples recorded of a dog heart and its DFT coefficients. The magnitudes
of the DFT coefficients are shown (see property 1 in Section 2.5.1).

2.4 DFT Frequency Analysis

To formalize the type of frequency analysis accomplished by the DFT, it is useful
to view each DFT value {X(k)} as the output of a length N FIR filter s;(n). The

© 2001 CRC Press LLC



x 10* TRUNCATED DFT OF DOG HEART DATA
3.5 T T T T T T T T T T

Y(K)!

O Al 1 1 1 1 1 1 ul
200 400 600 800 1000 1200 1400 1600 1800 2000
k

o

DOG HEART DATA AFTER DFT TRUNCATION
500 T T T T T T T T T T

4001 -
300 -

=200t ’

el s, ~

1 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
n

FIGURE 2.3
The truncated DFT coefficients and the time signal reconstructed from the trun-
cated DFT.

output of the filter is given by the convolution sum
I
) =Y x(m) il —n).
n=0
When the output yi (/) is evaluated at time / = N — 1, one has
N—1
(N =1 =Y x(m)hi(N—1-n).
n=0

If the filter coefficients i (n) are defined as

Wyt 0<n<N-1

h = 2.6
k() {0 otherwise 26)
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then one has

N—-1
N =) =" x(m) Wy, @.7)
n=0
= X (k). (2.8)
Note that hi(n) = WI@(Nflfn) represents a reversal of the values W}f,” for n =

0,..., N — 1, which in turn is the k-th row of the DFT matrix. Therefore, the DFT
of a length N sequence {x(n)} can be interpreted as the output of a bank of N FIR
filters each of length N sampled attime/ = N — 1.

Moreover, the impulse responses hx(n) are directly related to each other through
DFT-modulation:

hie(n) = Wy p(n)
where the filter g(n) = p(n) is given by

0<n<N-1

1
pn) = { 0 otherwise . (2.9)

This filter is called a rectangular window as it is not tapered at its ends. It follows
that the Z-transforms of the filters are also simply related:

N—-1
Hi(@) =) hi(n)z™" (2.10)
n=0
N-1
=Y WM by 2 @2.11)
n=0
N—-1
=Wk Y Wit pmy 2 2.12)
n=0
N-1 Y
— Wik pn) (W{‘Vz) (2.13)
n=0
= wyt P (Whe) (2.14)

where P(z) = ZV,N:_()I p(n) z7". That is, if each filter 4 (n) in an N-channel fil-
ter bank is taken to be the time-flip of the k-th row of the DFT matrix, then their
Z-transforms are given by Hi(z) = WﬁkP(W]]f,z). Hy(z) = P(2), Hi(z) =
Wy 'P(Wy2), etc. It is instructive to view the frequency responses of the N fil-
ters hi(n), as the frequency responses of the filters Hy(z) indicate the effect of the
DFT on a sequence. The magnitude of the frequency response of H(z) and the zero
plot in the z-plane are given in Fig. 2.4. Note that the zeros of Hi(z) in the z-plane
are simply rotated by 27t/ N, and that the frequency responses are shifted by the same
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The magnitude of the frequency response of the filters /;(n) for k = 0,...,5,
corresponding to a 6-point DFT. Shown on the right are the zeros of Hy(z).
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amount. The figure makes clear the way in which the DFT performs a frequency
decomposition of a signal.

The frequency response of the filter hy is given by Hj (e/®), the discrete-time
Fourier transform (DTFT) of the impulse response:

N—-1

Hy(e!®) = Z hyi(n) e 1" (2.15)
n=0

The frequency response of the rectangular window p(n) is given by

N—1
P (ejw) — Z 1- e—jwn (216)

n=0
1 — ¢ JiNe

T e 2.17)
e JoN/2 (eij/z . e_ij/z)

= e—Jjo/2 (ejw/2 _ e*jw/Z) (2.18)

N
— —jow-np2 ST (2.19)

E|
S 5(,()

The function sin (%a)) / sin (%a)) is called the digital sinc function, for its resemblance
to the usual sinc function.

2.5 Selected Properties of the DFT

Of the many properties the DFT possesses, the symmetry properties are some of
the most useful when using the DFT for compression.

Because the DFT operates on finite-length data sequences, it is useful to define two
types of symmetries as follows. When {x(n)} is periodically extended outside the

rangen = 0, ..., N — 1, the following definitions for symmetric and anti-symmetric
sequences are consistent with their usual definitions for sequences that are not finite
in length.

Symmetry: Let {x(n)} be a real-valued length N data sequence, forn =0, ...,
N — 1, then {x(n)} is symmetric if

x(N —n) =xn), n=1,...,.N—1.

Note that an even-length N symmetric sequence {x(n)} is fully described by its first
N/2 4 1 values. For example, a length 6 symmetric sequence is fully determined
by its first 4 values as illustrated in Fig. 2.5. On the other hand, an odd-length N
symmetric sequence {x(n)} is fully described by its first (N + 1)/2 values. For
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FIGURE 2.5
Illustration of even-length symmetric sequence.

—_

FIGURE 2.6
Ilustration of odd-length symmetric sequence.

example, a length 7 symmetric sequence is fully determined by its first 4 values as
illustrated in Fig. 2.6. For both even- and odd-length sequences, the number of values
that determine a length N symmetric sequence is |[N/2 + 1| where |k] denotes the
greatest integer smaller than or equal to k.

Anti-symmetry: A real-valued length N data sequence is anti-symmetric if

x(0)=0 and x(N —n) = —x(n), n=1,...,N—1.

Note that an even-length N anti-symmetric sequence {x(n)} is fully described by
N /2 —1 values. For example, a length 6 anti-symmetric sequence is fully determined
by 2 values (see Fig. 2.7). On the other hand, an odd-length N anti-symmetric
sequence {x(n)} is fully described by (N — 1)/2 values. For example, a length 7
anti-symmetric sequence is fully determined by 3 values (see Fig. 2.8). For both
even- and odd-length sequences, the number of values that determine a length N
anti-symmetric sequence is [ N /2 — 17 where [k] denotes the smallest integer greater
than or equal to k.
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FIGURE 2.7
Illustration of even-length anti-symmetric sequence.
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FIGURE 2.8
Illustration of odd-length anti-symmetric sequence.

2.5.1 Symmetry Properties

To state the symmetry properties of the DFT, it is useful to introduce the notation
{X,(k)} and {X;(k)} for the real and imaginary parts of {X (k)}. Similarly, {x,(n)}
and {x; (n)} are used to denote the real and imaginary parts of {x(n)}.

If {x(n)} is a length N data vector and . ..

1. if {x(n)} is real-valued, then
X (k) = X*(N — k), k=1,...,.N—1,

i.e., the real part of {X (k)} is symmetric, and the imaginary part of {X (k)} is
anti-symmetric.

2. if {x(n)} is real-valued and symmetric, then
Xk)=X,(k)=X,(N—k), k=1,....N—1,
i.e., {X (k)} is purely real and symmetric.
3. if {x(n)} is real-valued and anti-symmetric, then

X(k)=jXik)=—jX;(N—k), k=1,...,N—1,
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i.e., {X (k)} is purely imaginary and anti-symmetric.
4. if {x(n)} is purely imaginary, then
X(k)=—X*(N —k), k=1,...,.N—1,

i.e., the real part of {X (k)} is anti-symmetric, and the imaginary part of { X (k)}
is symmetric.

5. if {x(n)} is purely imaginary and {x; (n)} is symmetric, then
Xk=jXiky=jX;(N—-k), k=1,...,N—1,
i.e., {X (k)} is purely imaginary and symmetric.
6. if {x(n)} is purely imaginary and {x; (n)} is anti-symmetric, then
Xk)=X,(k)=—X,(N—-k), k=1,...,N—1,
i.e., {X (k)} is purely real and anti-symmetric.

These properties are summarized in Table 2.1.

These properties explain why the total number of parameters needed to describe the
original data sequence {x(n)} is the same after the DFT is performed. For example,
consider a real-valued length 6 sequence {x(n)} and its DFT:

1 24.0000 0
3 —8.5000 0.8660
< — 5 X — —1.5000 +j —2.5981
6 2.0000 0
7 —1.5000 2.5981
2 —8.5000 —0.8660

It is clear that there are a total of 6 distinct values in the DFT coefficients { X (k)} for
this example.

In general, for a length N real-valued sequence {x(n)}, the symmetric {X, (k)} is
determined by | N/2 + 1] values, and the anti-symmetric {X;(k)} is determined by
[N /2 — 1] values. Therefore, even though the DFT {X (k)} of a length N real-valued
sequence {x(n)} is complex-valued, it is fully determined by exactly N values. The
number of parameters is the same in both {x(n)} and {X (k)}.

Recall that an even-length real-valued symmetric sequence {x(n)} is determined
by its first N/2 4 1 values. By the symmetry property above, the same is true for the
DFT {X(k)}. An odd-length real-valued symmetric sequence {x(n)} is determined
by its first (N + 1)/2 values. By the symmetry property above, the same is true for
the DFT {X (k)}. The symmetry properties for real-valued symmetric sequences are
especially useful because they can be used to develop useful DFT-based transforms
that yield real-valued coefficients.
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Table 2.1 DFT Symmetry Properties

X is purely real X, is symmetric, X; is anti-symmetric
X is purely real, X, 1S symmetric X, is symmetric, X is purely real
x is purely real, X, is anti-symmetric X is purely imaginary, X is anti-symmetric
X is purely imaginary X, is anti-symmetric, X is symmetric
x is purely imaginary, X; is symmetric X is purely imaginary, X; is symmetric

X is purely imaginary, X; is anti-symmetric X, is anti-symmetric, X is purely real

{x(n)} {X(K)}=DFT{x(n)}

11,

-1

- N
N S

0 2 4 6 0 2 4 6

FIGURE 2.9
Illustration of DFT symmetry property for an even-length sequence.

{x(n)} {X(k)}=DFT{x(n)}
3
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FIGURE 2.10
Illustration of DFT symmetry property for an odd-length sequence.

2.6 Real-Valued DFT-Based Transforms

In most applications the data are real-valued. For this reason, it can be beneficial to
use the DFT in a specialized way so that it gives real values. This can be accomplished
by suitably extending the given data sequence {x(n)} so that it exhibits the necessary
symmetry that makes the DFT {X (k)} real-valued.

For example, given a length N real-valued sequence {x(n)}, which does not nec-
essarily possess any symmetries, one can construct a symmetric sequence by sym-
metrically extending {x(n)}. There is more than one way to symmetrically extend a
given sequence, depending on how the end points are treated. Different symmetric
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extensions give rise to the different types of DFT-based signal transforms that map
real-valued sequences to real-valued sequences. One class of DFT-based real trans-
forms is the discrete cosine and sine transforms. In fact, 16 different cosine and sine
transforms are described in [32].

One way to symmetrically extend a finite length N sequence is illustrated in
Fig.2.11. The result is a symmetric sequence {x| (n)} of even length 2N —2. {X{(k)},

R e AT

Illustration of symmetric extension.

the DFT of {x;(n)}, is therefore real-valued symmetric and is determined by its first
N values (see Fig. 2.12). Because {X(k)} is determined by its first N values, this
procedure gives an N-point real transform. The inverse of this transform is obtained
by performing the same steps in reverse sequence. Given the first N values of { X (k)},
construct a symmetric extension as above to obtain a length 2N — 2 sequence { X (k)},
take the inverse DFT of the resulting sequence to obtain the length 2N — 2 sequence
{x1(n)}, from which {x(n)} can be extracted.

() X, (9} = DFTx, (n)
1
08 10
06
0.2
. ‘ ‘ ‘ ‘ 0 ,.“1.TrTrT.1”.,
0 5 10 15 0 5 10 15
FIGURE 2.12

Ilustration of symmetric extension.
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The transform formulae can be found explicitly using the DFT formulae together
with the symmetric extension.

X1 (k) = DFT {x; (n)} (2.20)
2N-3
=Y xi(m) Wiy _, (2.21)
n=0
N-2
=5+ Y xo0 [ Wik + WA [+ xv - WINDE 222)
n=1
N-2
—x( 42 x(n)cos ( nk ) F (=D (N = 1) (2.23)
— N1
where we have used the simplification Wé‘ [(\,21\,2_2_'1) = W,, Aﬁ’fz Often the first and

last values, x(0) and x(N — 1), are scaled by V/2 s0 that the transform is orthogonal.
The inverse can also be derived in a similar way.

It is very interesting to look at the type of frequency analysis this type of discrete
cosine transform (DCT) [1, 42, 61] performs, as was done for the DFT in Fig. 2.4. In
Fig. 2.13, the frequency responses corresponding to this DCT are shown. Note that
the plots of zeros in the z-plane are especially simple.

Another way to symmetrically extend a finite length N sequence is illustrated in
Fig. 2.14. The result is a symmetric sequence {x(n)} of odd length 2N — 1. {X»(k)},
the DFT of {x2(n)}, is therefore real-valued symmetric and is determined by its first
N values (see Fig. 2.15). Because {X»(k)} is determined by its first N values, this
procedure gives an N-point real transform. The inverse of this transform is obtained
by performing the same steps in reverse sequence. Given the first N values of {X»(k)},
construct a symmetric extension as above to obtain a length 2N — 1 sequence { X7 (k)},
and take the inverse DFT of the resulting sequence to obtain the length 2N — 1 sequence
{x2(n)}, from which {x(n)} can be extracted.

Now consider a symmetric extension by simply mirroring the entire length N
sequence,

{x1m)}=[x@©),..., x(N=1),x(N—=1),...,x(0)]
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The discrete cosine transform (I) basis vectors illustrated in the frequency do-
main and in the z-plane. N = 6.
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Ilustration of DFT symmetry property.

for0 <n < 2N — 1 (alength 2N sequence). The DFT of this sequence becomes

X1(k)

DFT {x1(n)}
2N—1

Z X1 (n)Wé‘]'\',
n=0
N-—1

3 won [y« w0

3
Il
=}

=

x(n)Wz—/\?.Sk [Wécl(\7+o.5) T Wé‘ji,ZN_O'S_")]

0

N—1
_ b4
WzA(,)'Sk E x(n) cos (ﬁ
n=0

3
Il

-k-(n+0.5))

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

The phase factor W, /\? 5k can be neglected in applications since it carries no informa-
tion about the signal. Since the transform length is N, the frequency index has the
range k =0, ..., N — 1, so that a quadratic cosine transform matrix is obtained. The
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DCT thus obtained is a so-called DCT type II. Its transform matrix is

Dy (k, n) == /2N cos (%k(n — 0.5))

forn,k =0,..., N — 1. To make this transform matrix orthogonal, its first row is
usually scaled to

D;;0,n) :=/1/N

for k = 0. This transform divides the frequency axis as illustrated in Fig. 2.16. It can
be seen that the width of the resulting frequency bins or bands is 7w/ N, except for the
lowest band for k£ = 0, as it is centered around DC. This results in a lowpass filter
bandwidth of 1/(2N). The highest band for k = N — 1 is centered at 7 (1 — 1/N),
which means the required bandwidth to cover the entire frequency axis up to 7 is
2/N. This means that for the design of filter banks with uniform frequency width for
all bands, a shift of the frequency grid by 1/2 would be suitable, so that the lowest
band covers more bandwidth, and the highest band needs to cover less, as illustrated
in Fig. 2.17. This results in a DCT type 1V; its orthogonal transform matrix is

Dy (k, n) := \/2/N cos (%(k +0.5)(n + 0.5)) . (2.29)

Similarly a discrete sine transform of types II and IV are obtained by applying a
DFT to the sequence

x1}=&x@©),...,x(N—-1), =x(N —=1),...,—x(0)]

for 0 < n < 2N — 1. The resulting transform matrix for a DST type IV is
S;v(k, n) == /2/N sin (%(k +0.5)(n+ 0.5)) . (2.30)

Efficient ways to obtain DCTs with the help of FFTs can be found, for example, in
Malvar [31].

k=0 k=1 k=2 =N

0 1N 2/N (N-1)/N 10 Q/x

FIGURE 2.16

The distribution of bands with a DCT II. Horizontally is the normalized fre-
quency 2/7. The band edges are marked with long vertical lines, and the band
centers with short lines.
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0 0.5/N 1.5/N 2.5/N (N-05)/N 1.0 Q/x

FIGURE 2.17
The distribution of bands with a DCT IV. The band edges are again marked with
long vertical lines, and the band centers with short lines.

2.7 The Fast Fourier Transform

A fast Fourier transform (FFT) is any fast algorithm for computing the DFT. As
stated earlier, FFT algorithms have a tremendous impact on computational aspects of
signal processing. To introduce the FFT, recall the definition of the DFT in Eq. (2.1)
and suppose the data vector {x(n)} is of even length N. The basic derivation of the
FFT begins by splitting the sum into two parts — one part for the even-indexed values
{x(2n)} and one part for the odd-indexed values {x(2n + 1)}

N-—1 N-—1
X(k) =Y xm) Wi+ x(n) Wit
n=0 n=0
n even n odd
which can be written as
N/2—1 N/2—1
Xt =Y x@wgk+ > x@n+ 1wyt
n=0 n=0
or as
N/2—1 N/2—1
X(y= Y xCm)Wy*+ Wy Y x@n+ 1) Wik,
n=0 n=0

Note that Wl%,"k can be rewritten as follows:

Wk . =2 a)/N 2.31)
— ¢~ /27 @k)/(N/2) (2.32)
_ lr\l/;z ] (2.33)

Hence the DFT values { X (k)} can be written as

N/2—1 N/2—1
X(y= Y xQ@u) Wity + Wy > x@n+ 1)WY, .
n=0 n=0
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Note that the first sum is the length N /2 DFT of the sequence {x(2n)} and the second
sum is the length N /2 DFT of the sequence {x(2n 4 1)}. Defining these sequences
as {xo(n)} = {x2n)}and {x;(n)} = {x@n+ 1)} forn =0, ..., N — 1 makes them
both sequences of length N /2. Then one has

X(k) = Xotk) + WX (k),  k=0,...,N—1,

where {Xo(k)} and {X;(k)} are the DFTs of {xo(n)} and {x;(n)}, respectively. It
should be noted that in the definition of the length N DFT, {X (k)} was defined for
k=0,...N — 1. As {xo(n)} is a sequence of length N /2, its DFT is also of length
N /2, and therefore {Xo(k)} would be defined for k = 0,..., N/2 — 1. However,
as noted in Section 2.1, when k is taken outside this range, the DFT coefficients are
periodic — so Xg(k) = Xo(k — N /2) for values of k from N/2to N — 1. Likewise
for X (k).

This expression shows how a length N DFT can be computed using two length
N /2 DFTs. After taking the two length N /2 DFTs it remains only to multiply the
result of the second DFT with the terms W]’f, and to add the results. The multipliers
WII\‘, are known as twiddle factors.

If N /2 can be further divided by 2, then the same procedure can be used to calculate
the length N /2 DFTs. To determine the arithmetic complexity of this algorithm for
computing the DFT, let A(N) denote the number of complex additions for computing
the DFT of a length N complex sequence {x(n)}. Let N be a power of 2, N = 2K,
Then, according to the above procedure, one has

A(N) =2A(N/2) + N

as N complex additions are required to put the two length N /2 DFTs back together.
Note that a length 2 DFT is simply a sum and difference:

X(0) = x(0) + x(1)
X(1) = x(0) — x(1) .

Hence, the starting condition is A(2) = 2. [Or one can use A(1) = 0.] Then solving
the recursive equation yields

A(N) = Nlogy, N complex additions.
Similarly, one has a recursive formula for complex multiplications:
M(N)=2M(N/2)+ N/2
which gives
M(N) = % log, N complex multiplications.

In fact, this number can be reduced by a more careful examination of the multipliers
Wllf, (the twiddle factors). In particular, the numbers 1, —1, j, and —j will be among
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the twiddle factors Wllf,, when k is a multiple of N /4 — and so these multiplications
need not be performed. Taking this into account, one has the following formulae for
the number of real additions and real multiplications of the DFT of a sequence whose
length is a power of 2:

N
Ar(N) =7 log; N~ 5N +38 (2.34)

N
M (N) =3 log, N 5N +38 (2.35)

where a complex addition counts as two real additions, and a complex multiplication
counts as three real additions and three real multiplications.

The advantage of the efficient algorithm for computing the DFT is a reduction from
an arithmetic complexity of N2 for direct calculation to a complexity of N log, N.
This is a fundamental improvement in the complexity, and historically it led to many
new developments in signal processing that would not otherwise have been possible
or practical. Due to its fundamental quickening in calculating the DFT, the efficient
algorithm for its computation is called the fast Fourier transform or FFT.

Many variations and enhancements of this basic algorithm have been developed in
the literature and used in practice, and they are collectively called FFTs. Of particular
note is the split radix FFT [16, 50, 56], which is a refinement of the algorithm that
attains the lowest computational complexity of practical FFT variants for lengths that
are powers of 2. FFT algorithms can be developed for lengths that are not powers
of 2. Some types of FFTs, called prime factor FFTs, do not require the use of
twiddle factors [9, 52, 53] and therefore have a reduced computational complexity
(this is possible when the length N is factored into relatively prime integers. It is
not applicable for lengths that are powers of 2). Implementations of the FFT for
real-valued data are described in Sorenson et al. [51]. Most FFT algorithms depend
on the ability to factor N, the length of the data vector {x (n)}; for prime-length DFTs
a separate approach is needed to combine shorter FFTs. The algorithms for prime-
length FFTs are based on work by Rader and Winograd [40, 60, 59]. FFT programs for
prime lengths are discussed in several publications [25, 29, 46]. Descriptions of the
different types of FFTs are available in several books [4, 7, 20, 10, 33, 35, 36, 54, 28]
and book chapters [8, 18, 19, 49]. The complexity theory associated with the FFT
is described in Winograd [60] and Heideman [22]. A comparison of different FFT
implementations on DSP chips is described in Meyer and Schwarz [34].

A relevant issue in practice is the trade-off between computational complexity and
implementation complexity. The right balance must be obtained for the best results
and some FFT algorithms with improved computational complexity are more complex
to implement than others. Moreover, for the fastest results, the variant of the FFT
chosen should be matched to the hardware on which it will run. Methods for choosing
the best variant of the FFT from among a family of FFTs have been the subject of
recent research [23, 24, 21].
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2.8 The DFT in Coding Applications

In coding applications the DFT is used in two broad classes — in power spec-
trum estimation and in subband coding, where it is used in the implementation of
complex-, cosine- or sine-modulated filter banks. As an illustration, audio coding
will be considered in the following.

In audio coding, the real-valued audio signal is decomposed into a number of
subbands with a filter bank. The subband signals are then adaptively quantized and
encoded [47, 6]. The subband decomposition has the purpose of obtaining a more effi-
cient description of the signal (redundancy reduction) and applying a psycho-acoustic
model to control the quantization noise such that it will be inaudible (irrelevance re-
duction); see Fig. 2.18.

Coder/ Decoder/
Analysis Synthesis
L | A - —

Sional Spec- . Decoded
£ —| AFB trum ’ SFB. I~ signal
HH QX7 _

Psycho-
acoustics
FIGURE 2.18
Audio coding based on filter banks, AFB: analysis filter bank, SFB: synthesis

filter bank.

In audio coding, the subband decomposition is usually obtained with a filter bank
called modified discrete cosine transform MDCT. It can often be switched between
differing numbers of bands, for example, between 128 and 1024 bands. The MDCT
is used, for example, in ASPEC, MPEG, MUSICAM, and PAC audio coders [30].
ASPEC and MUSICAM were later combined into MPEG-1 layer 111, also known as
MP3.

One way in which the DFT is used in subband coding is for the implementation of
filter banks. Since the filters i (n) = />™"/N n =0,...,. N-1,k=0,...,N—1,
can be seen as a rectangular window of length N multiplied with the exponential, the
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frequency localization is not very good, as can be seen in Fig. 2.4. Since this frequency
localization is very important in coding applications, the DFT is used only indirectly
in coding applications, e.g., for implementing the MDCT. The output of the MDCT
is real valued for real-valued inputs, and its subband filter impulse responses %y (n)
are longer and have a nonrectangular shape, such that the frequency localization is
better than for the DFT. The MDCT filter bank can be implemented using a DCT of
length N, which in turn can be implemented using FFTs of length N /2 [31].

In audio coding the DFT is also used as a complex filter bank. The psycho-acoustic
model, used to control the quantization step size, needs to detect and estimate signals
(sinusoids) in the subbands, i.e., it needs a reliable estimate of the time-varying power
spectrum, with a time and frequency resolution as similar to the MDCT as possible.
This is most reliably done with a complex valued spectral decomposition because it
provides the phase and magnitude of signals in the subbands at every time step. To
estimate the spectrum, only the magnitude of the subband signal is needed.

This would not be possible with a real-valued filter bank because in such a filter
bank a sinusoid in a subband is still a sinusoid after filtering, which will pass through
zero at certain times — so it may not be detected. That is, the estimated power
of the signal at that frequency and time would be lower than it should be. That is
why some audio coders [e.g., MPEG-AAC (Advanced Audio Coder) [30]] possess
an FFT parallel to the MDCT as input to the psycho-acoustic model. But a problem
is the insufficient frequency localization of the FFT, which reduces the accuracy of
the psycho-acoustic model.

The so called Balian-Low theorem states that the rectangular window of the DFT
gives rise to the only orthogonal FIR filter bank with complex Fourier modulation and
critical sampling [57] (every N input samples produce N output samples). However,
for the time-varying spectral estimation required for the psycho-acoustic model, crit-
ical sampling is not a constraint. That is why, for example, in the perceptual audio
coder (PAC) [30] the input of the psycho-acoustic model is a complex signal, which is
taken from two filter banks. The real part of the signal is the output of the real-valued
MDCT filter bank with a cosine modulation function. Hence, only an appropriate
imaginary part corresponding to this signal is needed to obtain a complete complex
subband signal — which will have improved frequency localization and therefore
a more accurate psycho-acoustic model. This imaginary part of the subband signal
can be obtained by using a second filter bank which is based on the same window
function as the MDCT, but with a sine modulation function instead of a cosine modu-
lation function. Interestingly, this sine-modulated filter bank alone is again a perfect
reconstruction (PR) filter bank, as is the cosine-modulated MDCT filter bank. These
two filter banks, in parallel, can be seen as one complex filter bank which is twice
oversampled. Hence the limitation the Balian-Low theorem no longer applies, as the
filter bank system is not critically sampled.
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2.9 The DFT and Filter Banks

Because the frequency content of many signals changes with time, it is often more
desirable to first partition a signal into blocks and then apply the DFT to each block
individually. This block-wise DFT leads to a point of view based on filter banks. If
the independent variable of the input signal is time (e.g., an audio signal), then this
results in a time-frequency representation. If the input data is arranged in a matrix

x(0) x(N) x(2N)
x(1) x(N+1) xQ2N+1)

x(N—-1) x2N-1) xBN-1
and Fy is the DFT matrix, then the block-wise DFT can be written as

X =Fy - x (2.36)

where each column of the matrix X is a DFT spectrum. Clearly this operation is
easily inverted with

x=Fy) ' -X. (2.37)

Depending on the amount of data, the matrices for X and x can be quite large. To
simplify the mathematical description and to obtain a more general formulation, the
Z-transform can be used. Then each block, or time frame, of X and x is associated
with a power of z~!, and the data becomes a vector of polynomials in z 7!,
x(0)+x(N)z ' +x2QN) 272 4+
x(D4+x(N+ Dz '+ x@N+1)z72 +---

x(2) = .
*(N =D 4x(N+N =Dz +x@N+N =122 4.
This leads to
X(z) =Fy -x(2) (2.38)
and
x(2) = Fy) - X@) . (2.39)

These equations are quite similar to Egs. (2.36) and (2.37), but now the data x and X
are in the form of a simple vector instead of a possibly infinite matrix. The operation
of applying the DFT to blocks of the signal can now also be viewed as a filter bank, as
seen in Fig. 2.19. The symbol | N means a downsampling operation, i.e., only every
N-th sample is let through. This figure shows an analysis filter bank on the left which

© 2001 CRC Press LLC



corresponds to Eq. (2.36), and a synthesis filter bank on the right which corresponds
to Eq. (2.37). Since the DFT is invertible, the signal {x(n)} can be directly obtained
from the block-wise DFT coefficients using the inverse DFT on each block. This
inverse can also be interpreted in terms of filter banks as illustrated by the synthesis
filter bank in Fig. 2.19.

ho(n) M N = wo(m) — TN+  go(n)

z(n) : : z(n — nq)
hn-i(n) H N =yn-1(m) — TN H gn1(n)

FIGURE 2.19

An N-channel filter bank with critical downsampling, perfect reconstruction,
and a system delay of n; samples.

Because the analysis filter bank is invertible, it is said to have the perfect recon-
struction (PR) property. Because the total number of samples in the input signal
{x(n)} equals the total number of samples in the subbands (the N channels), it is said
to be critically sampled. In coding applications, critical downsampling is important
because it leads to an accurate and complete description of a signal with the least pos-
sible number of samples, and it leads to computationally efficient implementations.
The analysis filter bank is used in the encoder, and the synthesis filter bank in the
decoder.

To see that the matrix formulation can also be represented by a filter bank structure
(see also Vaidyanathan [55]), consider the following. For simplicity, we assume a
time-shifted sequence {x(n+ N — 1)}. The filtering (convolution) and downsampling
operation can be written as

w(m) = h(m)-x(mN+N—-1-n), 0<k<N-1. (2.40)
n
On the other hand, Eq. (2.36) can also be written as
N-1
Xim =y WN'-x(mN +n), 0<k<N-1. (2.41)
n=0

If this equation is compared to Eq. (2.40), it can be seen by a substitution of the index
variable that they are identical if the filters {/;(n)} are defined as

hi(n) = W1 — Wi kwokn forn = 0,.. . N — 1
and

hy(n) =0 otherwise
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[see also Eq. (2.6)]. It was noted in Section 2.4 that these filters are complex-
modulated versions of the rectangular window function. The resulting frequency
responses of {hy(n)} are frequency-shifted versions of the frequency response of the
rectangular window function p(n), as can also be seen in Fig. 2.4. The block-wise
interpretation of this DFT-modulated filter bank leads to an efficient algorithm for its
implementation using an FFT.

The rectangular window does not have a good frequency localization because of
its limited length and its rectangular shape. Fig. 2.4 shows that the main lobe of the
frequency response (its passband) is quite wide, and the side lobes are not very low —
the stopband attenuation is not very high. A solution is to increase the window length
and to give it a different shape, such that the passband becomes more narrow and the
stopband attenuation is improved (see Bellanger [2]). To this end, first consider a
general window function {p(n)} of length N, the shape of which is not necessarily
rectangular. ({p(n)} denotes the analysis prototype filter or window function; the
synthesis prototype filter will be denoted by {g(n)}.) The filters {h(n)} in this case
are given by

hi(n) = Wk - Wik - p(n) (2.42)
or in terms of Z-transforms, as
_ ik k
Hi(@) = Wik Ha (Whz) .

The analysis equation can then be written using a diagonal matrix as

PN — 1) 0 .0
X(z) = Fy - 9 PN =2) x(2) . (2.43)

The diagonal matrix is also called a filter matrix, denoted by F, for the analysis. The
inverse gives the equation for the synthesis stage

1/p(N — 1) 0 0
X(z) = 9 /PN =2) Fy X)) . (244
0 1/p(0)

The analysis window function p(n) leads to a synthesis window function of 1/p(n),
e.g., the synthesis window is the point-wise inverse of the analysis window. Con-
sequently, a window with improved frequency localization properties in the analysis
stage can lead to worse frequency localization in the synthesis stage, which is often
not desired. Also, the limited length of N of the window still is an important limiting
factor in the design of better window functions.
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When the filter p(n) is longer than N, say LN, then Eq. (2.41) becomes

LN—1
Xew= Y W' p(LN —1=n)x(mN +n).
n=0
Since W]lf,("JrN) = Wll\‘,”, we can replace n by /N + n to obtain
N-1 L
Xim =Y WN'- D> p(LN —1-n—IN)x(mN +n+IN).
n=0 =0

The inner sum can be interpreted as a convolution, which is written as a product in
the z-domain, with

L—-1

Pax) =) pn+IN) -z
=0

Xn(2) = Zx(n +IN) -z,
1=0

This leads to

N-1

Xi(@) =) Wy PNo1-n(2) - Xn(2)
n=0

so that Eq. (2.43) becomes

Py_1(2) 0 0

0 Py O -
X(z) =Fn - : -x(z) . (2.45)

0 0 Py

At this point it becomes clear that the synthesis requires the inverse functions
1/P,(z), which represent IIR filters, whose stability is difficult to control. Conse-
quently, a critically sampled filter bank based on filters {/ (n)} that are related through
DFT modulation, as in Eq. (2.42), can have the perfect reconstruction property with
FIR filters in both the analysis stage and the synthesis stage only if the filters are not
longer than the downsampling rate N and have no overlap in time with neighboring
blocks. To obtain FIR synthesis for longer filters, the filter bank must have a different
structure.

2.9.1 Cosine-Modulated Filter Banks

We saw that a discrete cosine transform is obtained by applying a DFT to a symmet-
rically extended real valued signal. This suggests that a DCT would lead to a different
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filter matrix F,, with elements off the diagonal. In many applications, as in video,
audio, or speech coding, the signal is indeed represented as real values. Now it would
be interesting to see the shape of the resulting filter matrix for a filter bank based on
a DCT IV modulation [compare to Eq. (2.29)]. In this case, the filters {h;(n)} are
modulated with cosine functions (the factor /2/N is neglected for simplicity),

hy(n) = cos (%(k +0.5)(n + 0.5)) p(LN —1—n), (2.46)

and the transform (the subband signals) can be written as

LN—1
Xem= Y cos (%(k +0.5)(n + 0.5)) Cp(LN =1 —n)x(mN +n) . (2.47)
n=0

We will exploit the symmetries embodied in the identities

cos (%(k +05)((n+N)+ 0.5))

=—cos(1(k+05)((1v—1—n)+05)) (2.48)
a . . .
and

cos (%(k +0.5)((n +2N) + 0.5)) = —cos (%(k +0.5)(n + 0.5)) (2.49)

This means that every second block of N input samples “reverses the direction” of
the cosine transform. A close examination of these symmetries and replacing n by
n + 2IN and n + N + 2IN shows that the analysis equation (2.47) can be written
as a type of folding operation followed by a cosine transform, as can be seen in the
following.

Again the filtering can be written more easily in the z-domain, with

L—-1

Pi@) =) p(n+2IN)-z"
=0
withn =0,... ,N —1,
o0
X, (2) = Zx(n +IN)-z7".
=0

withn =0,...,2N — 1. Using D;y as the DCT IV matrix leads to

X(z) =Dy - Fa(2) - x(2)
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where

Fu(2) =
— . Pay_1 (7z2) 0 Py (*22) -
T Pyynp (—12) PNj2-1 (_12>
0 Ewp (=2) v (-2) 0
() : et (-2)

(2.50)

This form of F,(z) assumes that the window length factor L is even, which can
always be obtained by appending zeros. The filter matrix F,(z) has a bi-diagonal
structure, i.e., it has nonzero elements not only on the diagonal but also on the antidi-
agonal. This means a window function can be designed such that the inverse of the
filter matrix leads to FIR filters. An example is the classical MDCT or TDAC filter
bank [37]. It results from inserting an additional phase shift of N /2 in the modulating
cosine function:

2N-—1
X = Y cos (%(k £0.5)(n+05+ N/z)) - p(LN =1 —=n)x(mN +n) .
n=0

This phase shift leads to a shift of the structure of the filter matrix downwards by
N /2. For example, for a window function p(n) forn = 0, ... ,2N — 1, the filter
matrix has the following form,

i 0 2 1p(1.5N) 7 ip(1sN=1) 0 7
1 ’ : 1
a(2) p(N— 1) _p(o)
L 0 p(N/2) = p(N/2-1) 0o

The inverse for the synthesis matrix is

0 g0  z7lqwv) 0
—1p-1 _ | awi2-1» 0 7 lg(15N —1)
@ K, @)= q(N/2) —z71q(1.5N)
0 g(N —1) -z lgen -1 0
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with

q(n) = P
p2N —1—n)p(n) + p(N — 1 —n)p(N +n)
N+n
G(N +n) = p( )
p2N —1—n)p(n) + p(N —1—n)p(N +n)
wheren =0, ..., N—1. Thisinverse is used in the synthesis filter bank to reconstruct

the signal, e.g., in a decoder. The synthesis side has a filter matrix with the same shape
as the analysis side, so the synthesis filter bank is again a cosine-modulated filter bank,
with g (n) as its window function. Observe that g(n) = p(n) if the denominator for
the computation of the inverse becomes one.

The DCT leads to a filter matrix which has a form enabling us to design filter
banks with critical sampling and FIR filters for analysis as well as for the synthesis.
Therefore filter banks based on DCTs are the predominant tools for time-frequency
decomposition in audio coding.

To design filter banks with longer filters and more freedom in the design process, the
filter matrix Eq. (2.50) can be written as a product of simpler matrices. These simpler
matrices can be unitary, such that the product is a unitary matrix, whose inverse is
then obtained by simply transposing it and replacing z by z~! [31]. Or these simpler
matrices can be bi-orthogonal, so that the resulting filter bank is bi-orthogonal [45].
The latter is a more general solution, which enables us to design, for example, filter
banks with a lower end-to-end delay than unitary or orthogonal filter banks [43, 44].

2.9.2 Complex DFT-Based Filter Banks

A disadvantage of the DCT is that it delivers no phase or magnitude information, as
the DFT does. For example, in audio coding the magnitudes of the subband signals are
needed as inputs to psycho-acoustic models which control the quantization process,
as seen in Fig. 2.18. Such is the basic structure of, for example, the PAC audio coder.
The DCT can be seen as the real part of a DFT of areal valued signal, so what is needed
is the imaginary part to obtain complex subband signals and hence their magnitudes.
The imaginary part can be obtained by using a filter bank based on a DST. For a
cosine-modulated filter bank with a DCT IV, the corresponding sine-modulated filter
bank uses a DST IV (2.30). The equality

m%%@+0$m+&$)=m%%@+0$m—N+0$)

shows, that the sine modulation function has the same symmetries in time » as the
cosine modulation function [Eqgs. (2.48) and (2.49)] but is shifted by N samples. This
leads to the same conditions on the window function for perfect reconstruction, so
the same window function can be used for the cosine- and the sine-modulated filter
banks, hence for the real and imaginary parts of the resulting complex valued filter
bank. This is important for obtaining the precise magnitude and phase information
of a signal.
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In audio coding, the signal consists of real values. If the input signal to the complex
filter bank consists of complex values, as in applications such as synthetic aperture
radar (SAR) [30], the filter bank needs to cover positive as well as negative frequencies
to obtain perfect reconstruction. If AFBc is the output of the cosine-modulated
analysis filter bank, and A F' By is the output of the sine-modulated filter bank, then
the positive frequencies are obtained by taking AFBc — jAF Bs and the negative
frequencies by AF B¢ + jAF Bg, similar to the DFT. This means the analysis filter
bank consists of 2N bands

[AFBc — jAFBs, AFBc + jAFBs] .
The synthesis filter bank for perfect reconstruction has an analogous structure,
[SFBc + jSFBs,SFBc — jSFBs] ,

where SF B¢, SF Bg are the outputs of the synthesis filter banks.

It is easy to see that this synthesis filter bank leads to perfect reconstruction if the
cosine and sine filter banks have the perfect reconstruction property of their own.
Observe that this is not the only solution for perfect reconstruction since the filter
bank is, in effect, oversampled at twice the rate. But this solution for the synthesis
has an advantage because it has an analogous structure, hence similar properties, as
the analysis part, which is often desirable in coding applications.

Figs. 2.21-2.23 show a comparison of the frequency responses of the window
functions of a direct FFT approach, as used in the MPEG-AAC audio coder as input
for the psycho-acoustic model, and the complex filter bank. Fig. 2.22 shows the
frequency response of a 1024 band FFT filter bank, and Fig. 2.21 shows the frequency
response of a complex low-delay filter bank with 1024 bands, an analysis/synthesis
delay of 2047 samples, and filter length of 4096 taps. Figs. 2.23 and 2.24 show an
enlargement with the passband on the left. The passband of the complex filter bank
is narrower, and the stopband attenuation is much higher than with the direct FFT
application.

Figs. 2.25-2.27 show an application example for a stereo audio signal that is en-
coded and decoded at two different bit rates. Fig. 2.25 shows a piece of the original
audio signal (jazz music), the left channel, sampled at 32000 samples/s. In this un-
compressed representation, each sample is represented with a 16 bit integer number,
which leads to a bit rate of 16 - 2 - 32000 = 1024 kb/s. Fig. 2.26 shows that signal,
but coded and decoded with a bit rate of 67 kb/s for the stereo signal (i.e., 35 kb/s per
channel, or a compression ratio of over 14). The resulting audio quality is comparable
to FM radio. It can be seen that there are slight differences to the original, but most
of the differences are still inaudible because of the application of the psycho-acoustic
model. Fig. 2.27 shows the signal at 30 kb/s stereo (a compression ratio of over 34).
The resulting quality is comparable to AM radio. There are now more pronounced
differences to the original; it is much smoother, which means it contains fewer high
frequencies. Here the difference to the original is easy to hear, but the psycho-acoustic
model is used such that the audible distortions are minimized.
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FIGURE 2.20
Audio coding based on filter banks, AFB: analysis filter bank, SFB: synthesis
filter bank.
I

2.10 Conclusion

This chapter introduced the DFT and some of its basic properties. Even though
it is a complex-valued transform, because of its symmetry properties, the DFT of
a real-valued N-point signal can be represented again by N real values. A set of
real-valued discrete cosine transforms can be derived using the DFT. The derivation
of a fast algorithm for computing the DFT (the FFT) was also described here.

The DFT has many applications in coding. For example, the FFT is used for
the efficient implementation of DCTs, the MDCT, and low delay filter banks. Fur-
thermore, the complex output is used for power spectrum estimation, in particular,
to drive psycho-acoustic models in audio coding, and it can be used to implement
complex-valued filter banks for improved power spectrum estimation.

© 2001 CRC Press LLC



-100 - 1

120 | ]

-1404 0.2 0.4 0.6 0.8 1

Q/n

FIGURE 2.21
Magnitude of the frequency response of the rectangular window of a DFT of
length 1024.
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FIGURE 2.22
Magnitude of the frequency response of the window of a low delay filter bank
with 1024 bands and filter length 4096.
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FIGURE 2.23

Enlargement of the first part of the magnitude of the frequency response of the
rectangular window of the DFT.
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FIGURE 2.24
Enlargement of the first part of the magnitude of the frequency response of the
window of the low delay filter bank.
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FIGURE 2.25
A piece of an example audio signal, sampled at 32 khz. Shown is the left channel
of the stereo signal.
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FIGURE 2.26
The stereo audio signal, coded and decoded with 67 kb/s. The left channel is
shown.
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FIGURE 2.27
The left channel of the stereo audio signal, coded and decoded, but with 30 kb/s.

2.11 FFT Web sites

The following list reflects some of the available software and information on Web
sites devoted to the FFT (September 1999).

e FFTW
http://www.fftw.org/index.html
http://www.fftw.org/benchfft/doc/ffts.html

* FFTPACK
http://www.netlib.org/fftpack/

* FFT for Pentium (Bernstein)
ftp://koobera.math.uic.edu/www/djbfft.html

* FFT software (comp.speech FAQ Q2.4)
http://svr-www.eng.cam.ac.uk/comp.speech/
Section2/0Q2.4.html

¢ One-dimensional real fast Fourier transforms
http://www.hr/josip/DSP/fft.html
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* FXT package FFT code (Arndt)
http://www.jjj.de/fxt/

¢ FFT (Don Cross)
http://www.intersrv.com/ “dcross/fft.html

¢ Public domain FFT code
http://riscl.numis.nwu.edu/ftp/pub/transforms/
http://riscl.numis.nwu.edu/fft/

e DFT (Paul Bourke)
http://www.swin.edu.au/astronomy/pbourke/
sigproc/dft/

* FFT code for TMS320 processors
ftp://ftp.ti.com/mirrors/tms320bbs/

¢ Fast Fourier Transforms (Kifowit)
http://ourworld.compuserve.com/homepages/
steve kifowit/fft.htm

* Nielsen’s MIXFFT page
http://home.get2net.dk/jjn/fft.htm

e Parallel FFT homepage
http://www.arc.unm.edu/Workshop/FFT/fft/fft.html

* FFT public domain algorithms
http://www.arc.unm.edu/Workshop/FFT/fft/fft.html

* Numerical recipes
http://www.nr.com/

* General purpose FFT package
http://momonga.t.u-tokyo.ac.jp/doura/fft.html

e FFT links
http://momonga.t.u-tokyo.ac.jp/doura/fftlinks.html

* FFT, performance, accuracy, and code (Mayer)
http://www.geocities.com/ResearchTriangle/8869/
fft summary.html

* Prime-length FFT
http://www.dsp.rice.edu/software/RU-FFT/
pfft/pfft.html

¢ Notes on the FFT (Burrus)
http://www.dsp.rice.edu/research/fft/fftnote.asc
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Yahoo FFT Web site list
http://dir.yahoo.com/Science/Mathematics/Software/
Fast_Fourier Transform FFT_/

References

(1]

[9]

[10]

[11]

[12]

[13]

© 2001 CRC Press LLC

Ahmed, N., Natarajan, T., and Rao, K.R., Discrete cosine transform, /EEE
Trans. Comput., 23:90-93, 1974, also in [41].

Bellanger, M., Digital Processing of Signals, Theory and Practice, John Wiley
& Sons, Chichester, NY, 1989.

Bergland, G.D., A guided tour of the fast Fourier transform, IEEE Spectrum,
6:41-52, 1969, also in [39].

Blahut, R.E., Fast Algorithms for Digital Signal Processing. Addison-Wesley,
Reading, MA, 1985.

Bracewell, R.N., The Fourier Transform and its Applications, McGraw Hill,
Reading, MA, 1986.

Brandenburg, K. and Bosi, M., Overview of MPEG audio: current and future
standards for low bit rate audio coding, J. Audio Eng. Soc., 45(1/2):4-21, 1997.

Brigham, E.O., The Fast Fourier Transform and its Applications, Prentice-Hall,
Englewood Cliffs, NJ, 1988.

Burrus, C.S., Efficient Fourier transform and convolution algorithms, in Lim,
J.S. and Oppenheim, A.V., Eds., Advanced Topics in Signal Processing,
Prentice-Hall, Englewood Cliffs, NJ, 1988.

Burrus, C.S. and Eschenbacher, P.W., An in-place, in-order prime factor FFT
algorithm, IEEE Trans. on Acoust., Speech, Signal Proc., 29(4):806-817, 1981.

Burrus, C.S. and Parks, T.W., DFT/FFT and Convolution Algorithms, John
Wiley & Sons, Chichester, NY, 1985.

Cochran, J.W., Favin, D.L., Helms, H.D., Kaenel, R.A., Lang, W.W., Maling,
G.C., Nelson, D.E., Rader, C.M., and Welch, P.D., What is the fast Fourier
transform?, IEEE Trans. Audio Electroacoust., 15:45-55, 1967, also in [39].

Cohen, L., Time-Frequency Analysis. Prentice-Hall, Englewood Cliffs, NIJ,
1995.

Cooley, J.W., Lewis, PAW., and Welch, P.D., Historical notes on the fast
Fourier transform, IEEE Trans. Audio Electroacoust., 15:76-79, 1967, also
in [39].



[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

Cooley, J.W., Lewis, PA.-W., and Welch, P.D., The finite Fourier transform,
IEEE Trans. Audio Electroacoust., 17:77-85, 1969, also in [39].

Cooley, J.W. and Tukey, J.W., An algorithm for the machine calculation of
complex Fourier series, Mathematics of Computation, 19(90):297-301, 1965,
also in [39].

Duhamel, P., Implementation of “split radix” FFT algorithm, IEEE Trans. on
Acoust., Speech, Signal Proc., 34(2):285-295, 1986.

Duhamel, P. and Vetterli, M., Fast Fourier transforms: a tutorial review and a
state of the art, Signal Processing, 19:259-299, 1990, also in [18].

Duhamel, P. and Vetterli, M., Fast Fourier transforms: a tutorial review and a
state of the art, in Madisetti, V.K. and Williams, D.B., Eds., The Digital Signal
Processing Handbook, chapter 7, CRC Press, 1998, also appears as [17].

Elliott, D.F., Fast Fourier transforms, in Elliott, D.F., Ed., Handbook of Digital
Signal Processing, Chapter 7, pages 527-631, Academic Press, New York,
1987.

Elliott, D.F. and Rao, K.R., Fast Transforms: Algorithms, Analyses, Applica-
tions, Academic Press, New York, 1982.

Frigo, M. and Johnson, S.G., FFTW, FFT software developed at MIT,
http://www.fftw.org/index.html.

Heideman, M.T., Multiplicative Complexity, Convolution, and the DFT,
Springer-Verlag, New York, Berlin, 1988.

Johnson, H.W. and Burrus, C.S., The design of optimal DFT algorithms us-
ing dynamic programming, [EEE Trans. on Acoust., Speech, Signal Proc.,
31(2):378-387, 1983.

Johnson, J., Automatic implementation and generation of FFT algorithms,
SIAM parallel processing FFT session, March 1999, see SPIRAL webpage
http://www.ece.cmu.edu/ "spiral/.

Jones, K.J., Prime number DFT computation via parallel circular convolvers,
IEE Proceedings, Part F, 137(3):205-212, 1990.

Karp, T. and Fliege, N.J., MDFT filter banks with perfect reconstruction, in
IEEE International Symposium on Circuits and Systems, Seattle, WA, 1995.

Lim, J.S. and Oppenheim, A.V., Advanced Topics in Signal Processing,
Prentice-Hall, Englewood Cliffs, NJ, 1988.

Van Loan, C., Computational Frameworks for the Fast Fourier Transform,
SIAM, Philadelphia, PA, 1992.

Lu, C., Cooley, J.W., and Tolimieri, R., FFT algorithms for prime transform
sizes and their implementations on VAX, IBM3090VF, and IBM RS/6000,
IEEFE Trans. on Acoust., Speech, Signal Proc., 41(2):638—-648, 1993.

© 2001 CRC Press LLC



(30]

(31]

(32]

(33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

© 2001 CRC Press LLC

Madisetti, V.K. and Williams, D.B., The Digital Signal Processing Handbook,
CRC Press and IEEE Press, Boca Raton, FL, 1997.

Malvar, H., Signal Processing with Lapped Transforms, Artech House, Boston,
MA, London, 1992.

Martucci, S., Symmetric convolution and the discrete sine and cosine trans-
forms, IEEE Trans. on Signal Processing, 42:1038—1051, 1994.

McClellan, J.H. and Rader, C.M., Number Theory in Digital Signal Processing,
Prentice-Hall, Englewood Cliffs, NJ, 1979.

Meyer, R. and Schwarz, K., FFT implementation on DSP-chips, theory and
practice, in Proc. IEEE Int. Conf. Acoust., Speech, Signal Processing (ICASSP),
1503-1506, April 1990.

Myers, D.G., Digital Signal Processing: Efficient Convolution and Fourier
Transform Techniques, Prentice-Hall, Englewood Cliffs, NJ, 1990.

Nussbaumer, H.J., Fast Fourier Transform and Convolution Algorithms,
Springer-Verlag, New York, Berlin, 1982.

Princen, J.P. and Bradley, A.B., Analysis/synthesis filter bank design based
on time domain aliasing cancellation, IEEE Trans. on Signal Processing,
34(10):1153-1161, 1986.

Proakis, J.G., Rader, C.M., Ling, F., and Nikias, C.L., Advanced Digital Signal
Processing, Macmillan, New York, 1992.

Rabiner, L.R. and Rader, C.M., Eds., Digital Signal Processing, IEEE Press,
Piscataway, NJ, 1972.

Rader, C.M., Discrete Fourier transform when the number of data samples is
prime, Proc. IEEE, 56(6):1107-1108, 1968.

Rao, K.R., Ed., Discrete Transforms and Their Applications, Krieger, Malabar,
FL, 1990.

Rao, K.R. and Yip, P., Discrete Cosine Transform: Algorithms, Advantages,
Applications, Academic Press, New York, 1990.

Schuller, G., Time-varying filter banks with variable system delay, in Proc.
IEEE ICASSP, Vol. 3, 2469-2472, Munich, Germany, 1997.

Schuller, G. and Karp, T., Modulated filter banks with arbitrary system delay:
efficient implementations and the time-varying case, IEEE Trans. on Signal
Processing, 48(3), 2000.

Schuller, G.D.T. and Smith, M.J.T., New framework for modulated perfect
reconstruction filter banks, IEEE Trans. on Signal Processing, 44(8):1942—
1954, 1996.



[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

Selesnick, I.W. and Burrus, C.S., Automatic generation of prime length FFT
programs, IEEE Trans. on Signal Processing, 44(1):14-24, 1996.

Sinha, D., Johnston, J.D., Dorward, S., and Quackenbush, S., The perceptual
audio coder (PAC), in Madisetti, V. and Williams, D.B., Eds., The Digital Signal
Processing Handbook, chapter 42, CRC Press and IEEE Press, Boca Raton, FL,
1997.

Smith, W.W. and Smith, J.M., Handbook of Real-Time Fast Fourier Transforms,
IEEE Press, Piscataway, NJ, 1995.

Sorensen, H.V. and Burrus, C.S., Fast DFT and convolution algorithms, in
Mitra, S.K. and Kaiser, J.F., Eds., Handbook For Digital Signal Processing,
chapter 8, 491-610, John Wiley & Sons, New York, 1993.

Sorenson, H.V., Heideman, M.T., and Burrus, C.S., On computing the split-
radix FFT, IEEE Trans. on Acoust., Speech, Signal Proc., 34(1):152—-156, 1986.

Sorenson, H.V., Jones, D.L., Heideman, M.T., and Burrus, C.S., Real-valued
fast Fourier transform algorithms, IEEE Trans. on Acoust., Speech, Signal Proc.,
35(6):849-863, 1987.

Temperton, C., Implementation of a self-sorting in-place prime factor FFT
algorithm, J. of Computational Physics, 58:283-299, 1985.

Temperton, C., Self-sorting in-place fast Fourier transforms, SIAM J. on Scien-
tific and Statistical Computing, 12(4):808-823, 1991.

Tolimieri, R., An, M., and Lu, C., Algorithms for Discrete Fourier Transform
and Convolution, Springer-Verlag, New York, Berlin, 1989.

Vaidyanathan, P.P., Multirate Systems and Filter Banks, Prentice-Hall, Engle-
wood Cliffs, NJ, 1992.

Vetterli, M. and Duhamel, P., Split-radix algorithms for length-p™ DFTs, IEEE
Trans. on Acoust., Speech, Signal Proc., 37(1):57-64, 1989.

Vetterli, M. and Kovacevié, J., Wavelets and Subband Coding, Prentice-Hall,
Englewood Cliffs, NJ, 1995.

Wickershauser, M.L., Adapted Wavelet Analysis from Theory to Software,
A K. Peters, Wellesley, MA, 1994.

Winograd, S., Some bilinear forms whose multiplicative complexity depends
on the field of constants, Mathematical Systems Theory, 10:169-180, 1977.

Winograd, S., Arithmetic Complexity of Computations, SIAM, Philadelphia,
PA, 1980.

Yip, P. and Rao, K.R., Fast discrete transforms, in Elliott, D.F., Ed., Handbook
of Digital Signal Processing, chapter 6, 481-525, Academic Press, New York,
1987.

© 2001 CRC Press LLC



W. Steve G. Mann "Comparametric Transforms for Transmitting ..."
The Transform and Data Compression Handbook
Ed.K.R. Rao et al.

Boca Raton, CRC Press LLC, 2001

© 20001 CRC PressLLC



Chapter 3

Comparametric Transforms for Transmitting
Eye Tap Video with Picture Transfer Protocol
(PTP)

W. Steve G. Mann

University of Toronto

Eye Tap video is a new genre of video imaging facilitated by and for the apparatus
of the author’s eyeglass-based “wearable computer” invention [1]. This invention
gives rise to a new genre of video that is best processed and compressed by way of
comparametric equations, and comparametric image processing. These new meth-
ods are based on an Edgertonian philosophy, in sharp departure from the traditional
Nyquist philosophy of signal processing. A new technique is given for estimating
the comparameters (relative parameters between successive frames of an image se-
quence) taken with a camera (or Eye Tap device) that is free to pan, tilt, rotate about
its optical axis, and zoom. This technique solves the problem for two cases of static
scenes: images taken from the same location of an arbitrary 3-D scene and images
taken from arbitrary locations of a flat scene, where it is assumed that the gaze pattern
of the eye sweeps on a much faster time scale than the movement of the body (e.g.,
an assumption that image flow across the retina induced by change in eye location is
small compared to that induced by gaze pattern).

3.1 Introduction: Wearable Cybernetics

Wearable cybernetics is based on the WearComp invention of the 1970s, originally
intended as a wearable electronic photographer’s assistant [2].
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3.1.1 Historical Overview of WearComp

A goal of the author’s WearComp/WearCam (wearable computer and personal
imaging) inventions of the 1970s and early 1980s (Fig. 3.1) was to make the metaphor
of technology as an extension of the mind and body into a reality. In some sense,
these inventions transformed the body into not just a camera, but also a networked
cybernetic entity. The body thus became part of a system always seeking the best
picture, in all facets of ordinary day-to-day living. These systems served to illustrate
the concept of the camera as a true extension of the mind and body of the wearer.

(b)

FIGURE 3.1

Personal Imaging in the 1970s and 1980s: Early embodiments of the author’s
WearComp invention that functioned as a “photographer’s assistant” for use in
the field of personal imaging. (a) Author’s early headgear. (b) Author’s early
“smart clothing” including cybernetic jacket and cybernetic pants (continued).

3.1.2 Eye Tap Video

Eye Tap video [3] is video captured from the pencil of rays that would otherwise
pass through the center of the lens of the eye. The Eye Tap device is typically worn
like eyeglasses.
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FIGURE 3.1
(Cont.) (c) Author’s 1970s chording keyboard comprising switches mounted to

a light source, similar to the mid 1980s version depicted in author’s right hand
in (b).

3.2 The Edgertonian Image Sequence

Traditional image sequence compression, such as MPEG [4, 5] (see, for example,
the Moving Picture Expert Group FAQ), is based on processing frames of video as
a continuum. The integrity of motion is often regarded as being more important
than, or at least as important as, the integrity of each individual frame of the image
sequence. However, it can be argued that temporal integrity is not always of the
utmost importance and can, in fact, often be sacrificed with good reason.

3.2.1 Edgertonian versus Nyquist Thinking

Consider the very typical situation in which the frame rate of a picture acquisi-
tion process vastly exceeds the frame rate at which it is possible to send pictures of
satisfactory quality over a given bandwidth-limited communications channel. This
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situation arises, for example, with Web-based cameras, including the Wearable Wire-
less Webcam [6].

Suppose that the camera provides 30 pictures per second, but the channel allows us
to send only one picture per second (ignore for the moment the fact that we can trade
spatial resolution, temporal resolution, and compression quality to adjust the frame
rate). In order to downsample our 30 pictures per second to one picture per second,
the “Nyquist school of thought” would suggest that we temporally lowpass filter
the image sequence in order to remove any temporal frequencies that would exceed
the Nyquist frequency. To apply this standard “lowpass filter then downsample”
approach, we might average each 30 successive pictures to obtain one output picture.
Thus, fast moving objects would be blurred to prevent temporal aliasing.

We might be tempted to think that this blurring is desirable, given temporal alias-
ing that would otherwise result. However, cinematographers and others who produce
motion pictures often disregard concepts’ temporal aliasing. Most notably, Harold E.
Edgerton [7], inventor of the electronic flash and known for his movies of high speed
events in which objects are “frozen” in time, has produced movies and other artifacts
that defy any avoidance of temporal aliasing. Edgerton’s movies provide us with a
temporal sampling that is more like a Dirac comb (downsampling of reality) than a
lowpass-filtered and then downsampled version of reality. For the example of down-
sampling from 30 frames per second to one frame per second, an Edgertonian thinker
would likely advocate simply taking every 30th frame from the original sequence and
throwing all the others away.

The Edgertonian downsampling philosophy gives rise to image sequences in which
propeller blades or wagon wheel spokes appear to spin backwards or stand still. The
Nyquist philosophy, on the other hand, gives rise to image sequences in which the
propeller blades or wagon wheel spokes visually disappear. The author believes
that it is preferable that the propeller blades and wagon wheel spokes appear to spin
backwards, or stand still, rather than visually disappear. More generally, an important
assumption upon which the thesis of this chapter rests is that it is preferable to have a
series of crisp well-defined “snapshots” of reality, rather than the blur of images that
one would get by following the antialiasing approach of traditional signal processing.

The author’s personal experience with his wearable Eye Tap video camera inven-
tion, wearing the camera often 8 to 16 hours a day, led to an understanding of how
the world looks through Web-based video. On this system, it was possible to choose
from among various combinations of Edgertonian and Nyquist sampling strategies.
It was found that experiencing the world through “Edgertonian eyes” was generally
preferable to the Nyquist approach.

3.2.2 Frames versus Rows, Columns, and Pixels

There is a trend now toward processing sequences of images as spatio-temporal
volumes, e.g., as a function f(x, y,t). Within this conceptual framework, motion
pictures are treated as static three-dimensional volumes of data. So-called spatio-
temporal filters h(x, y, t) are applied to these spatio-temporal volumes f(x, y, ).
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However, this unified treatment of the three dimensions (discretized to row, col-
umn, and frame number) ignores the fact that the time dimension has a much dif-
ferent intuitive meaning than the other two dimensions. Apart from the progressive
(forward-only) direction of time, there is the more important fact (even for stored
image sequences) that a snapshot in time (a still picture selected from the sequence)
often has immediate meaning to the human observer. A single row of pixels across
a picture or a single column of pixels down a picture do not generally have similar
significance to the human observer. Likewise, a single pixel means little to the human
observer in the absence of surrounding pixels.

Notwithstanding their utility, slices of the form f (x, yg, t) or of the form f (xo, y, t)
are often confusing at best, compared to the still picture f(x, y, f) that remains as an
extraction from a picture sequence which is far more meaningful to a typical human
observer. Thus the author believes that downsampling across rows or downsampling
down columns of an image should be preceded by lowpass filtering, whereas temporal
downsampling should not.

There is, therefore, a special significance to the notion of a “snapshot in time” and
the processing, storage, transmission, etc. of a motion picture as a sequence of such
snapshots. The object of this chapter is to better understand the relationship between
individual sharply defined frames of an Edgertonian sequence of pictures.

3.3 Picture Transfer Protocol (PTP)

When applying data compression to a stream of individual pictures that will be
viewed in real-time (for example, in videoconferencing, such as the first-person-
perspective videoconferencing of the wearable Eye Tap device), it is helpful to con-
sider the manner in which the data will be sent. Most notably, pictures are typically
sent over a packet-based communications channel. For example, Wearable Wireless
Webcam used the AX25 Amateur Radio [8] protocol. Accordingly, packets typically
arrive either intact or corrupted. Packets that are corrupt traditionally would be resent.
An interesting approach is to provide data compression on a per-image basis, and to
vary the degree of compression so that the size of each picture in the image sequence
is exactly equal to the length of one packet.

Together with the prior assumption (that images are acquired at a rate that exceeds
the channel capacity), it will generally be true that by the time we know that a packet
(which is a complete picture) is corrupt at the receiver, a newer picture will have
already been acquired. For example, if the round trip time (RTT) were 100 ms
(which is equal to the time it takes to generate three pictures), there would be little
sense in resending a picture that was taken three pictures ago. The commonly arising
situation in which pictures are captured at a rate that exceeds the RTT suggests that
there will always be newer picture information at the transmit site than what would
be resent in the event of a lost packet.
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This approach forms the basis for the Picture Transfer Protocol (PTP) proposed
by the author. In particular, PTP is based on the idea of treating each snapshot in
time as a single entity, in isolation, and compressing it into a single packet, so it will
have either arrived in its entirety or not arrived at all (and therefore can be discarded).
It should be clear that the philosophical underpinnings of PTP are closely related to
those of Edgertonian downsampling.

3.4 Best Case Imaging and Fear of Functionality

A direct result of Edgertonian sampling is that a single picture from a picture
sequence has a high degree of relevance and meaning even when it is taken in isolation.
Similarly, a direct result of PTP is that a single packet from a packet sequence has a
high degree of relevance and meaning even when it is taken in isolation (for example,
when the packets before and after it have been corrupted). It is therefore apparent
that if a system were highly unreliable, to the extent that pictures could be transmitted
only occasionally and unpredictably, then the Edgertonian sampling combined with
PTP would provide a system that would degrade gracefully.

Indeed, if we were to randomly select just a few frames from one of Edgerton’s
motion pictures, we would likely have a good summary of the motion picture, since
any given frame would provide us with a sharp picture in which subject matter of
interest could be clearly discerned. Likewise, if we were to randomly select a few
packets from a stream of thousands of packets of PTP, we would have data that would
provide a much more meaningful interpretation to the human observer than if all we
had were randomly selected packets from an MPEG sequence.

Personal imaging systems are characterized by a wearable incidentalist “always
ready” mode of operation in which the system need not always be functioning to be
of benefit. It is the potential functionality, rather than the actual functionality, of
such a system that makes it so different from other imaging systems such as hand-
held cameras and the like. Accordingly, an object of the personal imaging project
is to provide a system that transmits pictures in harsh or hostile environments. One
application of such a system is the personal safety device (PSD) [9]. The PSD differs
from other wireless data transmission systems in the sense that it was designed for
“best case” operation. Ordinarily, wireless transmissions are designed for worst
case scenarios, such as might guarantee a certain minimum level of performance
throughout a large metropolitan area. The PSD, however, is designed to make it hard
for an adversary to guarantee total nonperformance.

It is not a goal of the PSD to guarantee connectivity in the presence of hostile
jamming of the radio spectrum but, rather, to make it difficult for the adversary to
guarantee the absence of connectivity. Therefore, an otherwise potential perpetrator of
a crime would never be able to be certain that the wearer’s device was nonoperational
and would therefore need to be on his or her best behavior at all times.
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Traditional surveillance networks, based on so-called public safety camera systems,
have been proposed to reduce the allegedly rising levels of crime. However, building
such surveillance superhighways may do little to prevent, for example, crime by
representatives of the surveillance state, or those who maintain the database of images.
Human rights violations can continue, or even increase, in a police state of total state
surveillance. The same can be true of owners of an establishment where surveillance
systems are installed and maintained by these establishment owners. An example is
the famous Latasha Harlins case, in which a shopper was falsely accused of shoplifting
by a shopkeeper and was then shot dead by the shopkeeper. Therefore, what is needed
is aPSD to function as a crime deterrent, particularly with regard to crimes perpetrated
by those further up the organizational hierarchy.

Since there is the possibility that only one packet, which contains just one picture,
would provide incriminating evidence of wrongdoing, individuals can wear a PSD
to protect themselves from criminals, assailants, and attackers, notwithstanding any
public or corporate video surveillance system already in place.

An important aspect of this paradigm is the fear of functionality (FoF) model. The
balance is usually tipped in favor of the state or large organization in the sense that
state- or corporate-owned surveillance cameras are typically mounted on fixed mount
points and networked by way of high bandwidth land lines. The PSD, on the other
hand, would be connected by way of wireless communication channels of limited
bandwidth and limited reliability. For example, in the basement of a department
store, the individual has a lesser chance of getting a reliable data connection than
does the store-owned surveillance cameras. Just as many department stores use a
mixture of fake, nonfunctional cameras and real ones, so the customer never knows
whether or not a given camera is operational, what is needed is a similar means of best
case video transmission. Not knowing whether or not one is being held accountable
for his actions, one must be on his best behavior at all times. Thus, a new philosophy,
based on FoF, can become the basis of design for image compression, transmission,
and representation.

Fig. 3.2(a) illustrates an example of a comparison between two systems, SYSTEM
A, and SYSTEM B. These systems are depicted as two plots, in a hypothetical pa-
rameter space. The parameter space could be time, position, or the like. For example,
SYSTEM A might work acceptably (e.g., meet a certain guaranteed degree of func-
tionality Fgy ar) everywhere at all times, whereas SYSTEM B might work very well
sometimes and poorly at others. Much engineering is motivated by an articulability
model, i.e., that one can make an articulable basis for choosing SYSTEM A because
it gives the higher worst case degree of functionality.

A new approach, however, reverses this argument by regarding functionality as a
bad thing — bad for the perpetrator of a crime — rather than a good thing. Thus we
turn the whole graph on its head, and, looking at the problem in this reversed light,
come to a new solution, namely that SYSTEM B is better because there are times
when it works really well.

Imagine, for example, a user in the sub-basement of a building, inside an elevator.
Suppose SYSTEM A would have no hope of connecting to the outside world. SYS-

© 2001 CRC Press LLC



FUNCTIONALITY

SYSTEM "B" BEST CASE
F SYSTEM "B’
MAX
FGUAR
R \/ \_SYSTEM "A"
P USYSTEM "B" WORST CASE

SOME PARAMETER THAT FUNCTIONALITY IS A FUNCTION OF
(a)

FIGURE 3.2

Fear of Functionality (FoF): (a) Given two different systems, SYSTEM A having
a guaranteed minimum level of functionality F;y4r that exceeds that of SYS-
TEM B, an articulable basis for selecting SYSTEM A can be made. Such an
articulable basis might appeal to lawyers, insurance agents, and others who are
in the business of guaranteeing easily defined articulable boundaries. However,
a thesis of this chapter is that SYSTEM B might be a better choice. Moreover,
given that we are designing and building a system like SYSTEM B, traditional
worst case engineering would suggest focusing on the lowest point of functionality
of SYSTEM B (continued).

TEM B, however, through some strange quirk of luck, might actually work, but we
don’t know in advance one way or the other.

The fact of the matter, however, is that one who was hoping that the system would
not function, would be more afraid of SYSTEM B than SYSTEM A because it would
take more effort to ensure that SYSTEM B would be nonfunctional.

The FoF model means that if the possibility exists that the system might function
part of the time, a would-be perpetrator of a crime against the wearer of the PSD must
be on his or her best behavior at all times.

Fig. 3.2(b) depicts what we might do to further improve the “fear factor” of SYS-
TEM B, to arrive at a new SYSTEM B. The new SYSTEM B is characterized by
being even more idiosyncratic; the occasional times that SYSTEM B works, it works
very well, but most of the time it either doesn’t work at all or works very poorly.

Other technologies, such as the Internet, have been constructed to be robust enough
to resist the hegemony of central authority (or an attack of war). However, an impor-
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FIGURE 3.2

(Cont.) (b) Instead, it is proposed that one might focus one’s efforts on the highest
point of functionality of SYSTEM B, to make it even higher, at the expense
of further degrading the SYSTEM B worst case, and even at the expense of
decreasing the overall average performance. The new SYSTEM B is thus sharply
serendipitous (peaked in its space of various system parameters).

tant difference here is that the FoF paradigm is not suggesting the design of robust
data compression and transmission networks.

Quite the opposite is true!

The FoF paradigm suggests the opposite of robustness in that SYSTEM B is even
more sensitive to mild perturbations in the parameter space about the optimal operating
point, Po pr, than is SYSTEM B. In this sense, our preferred SYSTEM Bis actually
much less robust than SYSTEM B. Clearly it is not robustness, in and of itself, that the
author is proposing here. The PSD doesn’t need to work constantly but rather must
simply present criminals with the possibility that it could work sometimes or even
just occasionally. This scenario forms the basis for best-case design as an alternative
to the usual worst-case design paradigm.

The personal imaging system therefore transmits video, but the design of the system
is such that it will, at the very least, occasionally transmit a meaningful still image.
Likewise, the philosophy for data compression and transforms needs to be completely
rethought for this FoF model.

This rethinking extends from the transforms and compression approach right down
to the physical hardware. For example, typically the wearer’s jacket functions as a
large low frequency antenna, providing transmission capability in a frequency band
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that is very hard to stop. For example, the 10-meter band is a good choice because
of its unpredictable performance (owing to various “skip” phenomena, etc.). How-
ever, other frequencies are also used in parallel. For example, a peer-to-peer form
of infrared communication is also included to “infect” other participants with the
possibility of having received an image. In this way, it becomes nearly impossible
for a police state to suppress the signal because of the possibility that an image may
have escaped an iron-fisted regime.

It is not necessary to have a large aggregate bandwidth to support an FoF network.
In fact, quite the opposite. Since it is not necessary that everyone transmit everything
they see, at all times, very little bandwidth is needed. It is only necessary that
anyone could transmit a picture at any time. This potential transmission (e.g., fear
of transmission) does not even need to be done on the Internet; for example, it could
simply be from one person to another.

3.5 Comparametric Image Sequence Analysis

Video sequences from the PSD are generally collected and assembled into a small
number of still images, each still image being robust to the presence or absence of
individual constituent frames of the video sequence from which it is composed.

Processing video sequences from the apparatus of the author’s Eye Tap camera
requires finding the coordinate transformation between two images of the same scene
or object. Whether to recover gaze motion between video frames, stabilize retinal
images, relate or recognize Eye Tap images taken from two different eyes, compute
depth within a 3-D scene, or align images for lookpainting (high-resolution enhance-
ment resulting from looking around), it is desired to have both a precise description
of the coordinate transformation between a pair of Eye Tap video frames, and some
indication as to its accuracy.

Traditional block matching [10] (such as used in motion estimation) is really a
special case of a more general coordinate transformation. This chapter proposes
a solution to the motion estimation problem using this more general estimation of
a coordinate transformation, together with a technique for automatically finding the
comparametric projective coordinate transformation that relates two frames taken of
the same static scene. The technique takes two frames as input and automatically
outputs the comparameters of the exact model to align the frames. It does not require
the tracking or correspondence of explicit features, yet it is computationally practical.
Although the theory presented makes the typical assumptions of static scene and no
parallax, the estimation technique is robust to deviations from these assumptions. In
particular, the technique is applied to image resolution enhancement and lookpaint-
ing [11], illustrating its success on a variety of practical and difficult cases, including
some that violate the nonparallax and static scene assumptions.
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A coordinate transformation maps the image coordinates, x = [x, y]T, to a new
set of coordinates, X = [X, ]7. Generally, the approach to finding the coordinate
transformation relies on assuming that it will take one of the models in Table 3.1,
and then estimating the two to twelve scalar parameters of the chosen model. An
illustration showing the effects possible with each of these models is given in Fig. 3.3.

Table 3.1 Image Coordinate Transformations Discussed in this Chapter: The
Translation, Affine, and Projective Models Are Expressed in Vector Form; e.g.,
x = [x, y]” is a Vector of dimension 2, and A € R2*2 is a Matrix of Dimension 2 by 2,

etc.
Model Coordinate transformation from x to x Parameters
Translation X=x+Db b € R?

Affine X=Ax+b A e R?*2 b e R?
Bilinear X = qixyXy + qixX +qzyY + 45
5=<Iyxyxy+q)7xx+49yy+% gx €R
Projective X = ;AT’:_[’I A cR2X2 p ¢ e R?
Pseudopers- X = gz, x +q5yy + gz + qax2 +qpxy
pective  § = g5,X + g5,y + 45 + qaxy + qpy* g« €R
Biquadratic % = qixl‘xz + qixyxy + qiyzyZ +qzxXx +qzyy + gz
5 = q5.05% + @iy Xy + 45,27 + d5eX + 5,9 + 95 ax €R

Non-chirping models Chirping models

PSEUDO-
ORIGINAL AFFINE, 6 BILINEAR, 8 PROJECTIVE, 8 PERSPECTIVE, 8 BIQUADRATIC, 12

FIGURE 3.3

Pictorial effects of the six coordinate transformations of Table 3.1, arranged left
to right by number of parameters. Note that translation leaves the original house
unchanged, except in its location. Most importantly, only the three coordinate
transformations at the right affect the periodicity of the window spacing (e.g., in-
duce the desired ‘““chirping” which corresponds to what we see in the real world).
Of these, only the projective coordinate transformation preserves straight lines.
The 8-parameter projective coordinate transformation “exactly” describes the
possible camera motions.

The most common assumption (especially in motion estimation for coding and
optical flow for computer vision) is that the coordinate transformation between frames
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is a translation. Tekalp, Ozkan, and Sezan [12] have applied this assumption to high-
resolution image reconstruction. Although translation is the least constraining and
simplest to implement of the six coordinate transformations in Table 3.1, it is poor at
handling large changes due to camera zoom, rotation, pan, and tilt.

Zheng and Chellappa [13] considered a subset of the affine model — translation,
rotation, and scale — in image registration. Other researchers [14, 15] have assumed
affine motion (six parameters) between frames. For the assumptions of static scene
and no parallax, the affine model exactly describes rotation about the optical axis of
the camera, zoom of the camera, and pure shear, which the camera does not do except
in the limit as the lens focal length approaches infinity. The affine model cannot
capture camera pan and tilt and, therefore, cannot accurately express the “chirping”
and “keystoning” seen in the real world (see Fig. 3.3). Consequently, the affine model
tries to fit the wrong parameters to these effects. When the parameter estimation is
not done properly to align the images, a greater burden is placed on designing post-
processing to enhance the poorly aligned images.

The 8-parameter projective model gives the exact eight desired parameters to ac-
count for all the possible camera motions. However, its parameters have traditionally
been mathematically and computationally too hard to find. Consequently, a variety
of approximations have been proposed. Before the solution to estimating the projec-
tive parameters is presented, it will be helpful to better understand these approximate
models.

Going from first order (affine) to second order gives the 12-parameter biquadratic
model. This model properly captures both the chirping (change in spatial frequency
with position) and converging lines (keystoning) effects associated with projective
coordinate transformations, although, despite its larger number of parameters, there
is still considerable discrepancy between a projective coordinate transformation and
the best-fit biquadratic coordinate transformation. Why stop at second order? Why
not use a 20-parameter bicubic model? While an increase in the number of model pa-
rameters will result in a better fit, there is a tradeoff where the model begins to fit noise.
The physical camera model fits exactly in the 8-parameter projective group; therefore,
we know that “eight is enough.” Hence, it is appealing to find an approximate model
with only eight parameters.

The 8-parameter bilinear model is perhaps the most widely used [16] in the fields
of image processing, medical imaging, remote sensing, and computer graphics. This
model is easily obtained from the biquadratic model by removing the four x? and y?
terms. Although the resulting bilinear model captures the effect of converging lines,
it completely fails to capture the effect of chirping.

The 8-parameter pseudo-perspective model [17] does, in fact, capture both the con-
verging lines and the chirping of a projective coordinate transformation. This model
may first be thought of as the removal of two of the quadratic terms (qz 2 = 5,2 = 0),
which results in a 10-parameter model (the g-chirp of Navab and Mann [18]) and then
the constraining of the four remaining quadratic parameters to have two degrees of
freedom. These constraints force the chirping effect (captured by q;,2 and g5,2) and
the converging effect (captured by qz,, and qj,,) to work together in the “right”
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way to match, as closely as possible, the effect of a projective coordinate transfor-
mation. By setting q4 = (3,2 = (jxy, the chirping in the x-direction is forced to
correspond with the converging of parallel lines in the x-direction (and likewise for
the y-direction). Therefore, of the 8-parameter approximations to the true projective,
we would expect the pseudo-perspective model to perform the best.

Of course, the desired “exact” eight parameters come from the projective model,
but they have been notoriously difficult to estimate. The parameters for this model
have been solved by Tsai and Huang [19], but their solution assumed that features had
been identified in the two frames, along with their correspondences. In this chapter,
a simple featureless means of registering images by estimating their comparameters
is presented.

Other researchers have looked at projective estimation in the context of obtaining
3-D models. Faugeras and Lustman [20], Shashua and Navab [21], and Sawhney [22]
have considered the problem of estimating the projective parameters while computing
the motion of a rigid planar patch, as part of a larger problem of finding 3-D motion
and structure using parallax relative to an arbitrary plane in the scene. Kumar, Anan-
dan, and Hanna [23] have also euggested registering frames of video by computing
the flow along the epipolar lines, for which there is also an initial step of calculating
the gross camera movement assuming no parallax. However, these methods have
relied on feature correspondences and were aimed at 3-D scene modeling. Our focus
is not on recovering the 3-D scene model, but on aligning 2-D images of 3-D scenes.
Feature correspondences greatly simplify the problem; however, they also have many
problems which are reviewed below. The focus of this chapter is a simple feature-
less approach to estimating the projective coordinate transformation between image
frames.

Two similar efforts exist to the new work presented here. Mann [24] and Szeliski
and Coughlan [25] independently proposed featureless registration and compositing
of either pictures of a nearly flat object or pictures taken from approximately the same
location. Both used a 2-D projective model and searched over its 8-parameter space to
minimize the mean square error (or maximize the inner product) between one frame
and a 2-D projective coordinate transformation of the next frame. However, in both
these earlier works, the algorithm relies on nonlinear optimization techniques which
we are able to avoid with the new technique presented here.

3.5.1 Camera, Eye, or Head Motion:
Common Assumptions and Terminology

Two assumptions are relevant to this work. The first is that the scene is relatively
constant— changes of scene content and lighting are small between frames, relative to
changes that are induced by camera, eye, or head motion (e.g., a person can turn his or
her head, hence turning an Eye Tap camera, and induce a much greater image flowfield
than that induced by movement of objects in the scene). The second assumption is
that of an ideal pinhole camera — implying unlimited depth of field with everything in
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focus (infinite resolution) and implying that straight lines map to straight lines.! This
assumption is particularly valid for laser Eye Tap cameras which actually do have
infinite depth of focus. Consequently, the camera, eye, or head has three degrees of
freedomin 2-D space and eight degrees of freedom in 3-D space: translation (X, Y, Z),
zoom (scale in each of the image coordinates x and y), and rotation (rotation about
the optical axis, pan, and tilt).

In this chapter, an “uncalibrated camera” refers to one in which the principal point2
is not necessarily at the center (origin) of the image and the scale is not necessarily
isotropic. It is assumed that the film, sensor, retina, or the like is flat (although we
know in fact that the retina is curved).

It is assumed that the zoom is continually adjustable by the camera user, and that
we do not know the zoom setting or if it changed between recording frames of the
image sequence. We also assume that each element in the camera sensor array returns
a quantity that is linearly proportional to the quantity of light received.>

3.5.2 VideoOrbits

Tsai and Huang [19] noted that the elements of the projective group give the true
camera motions with respect to a planar surface. They explored the group structure
associated with images of a 3-D rigid planar patch, as well as the associated Lie al-
gebra, although they assume that the correspondence problem has been solved. The
solution presented in this chapter (which does not require prior solution of correspon-
dence) also relies on projective group theory. We briefly review the basics of this
theory, before presenting the new solution in the next section.

Projective Group in 1-D

For simplicity, the theory is first reviewed for the projective coordinate transforma-
tion in one dimension:* ¥ = (ax + b) /(cx + 1), where the images are functions of
one variable, x. The set of all projective coordinate transformations for which a # 0
forms a group, P, the projective group. When a # 0 and ¢ = 0, it is the affine group.
When a = 1 and ¢ = 0, it becomes the translation group.

Of the six coordinate transformations in the previous section, only the projective,
affine, and translation operations form groups. A group of operators together with
the set of 1-D images (operands) form a group 0peration.5 The new set of images

"When using low cost wide-angle lenses, there is usually some barrel distortion which we correct using
the method of Campbell and Bobick [26].

2The principal point is where the optical axis intersects the film, retina, sensor, or the like, as the case may
be.

3This condition can be enforced over a wide range of light intensity levels, by using the Wyckoff princi-
ple [27, 28].

4In a 2-D world, the “camera” consists of a center of projection (pinhole lens) and a line (1-D sensor array
or 1-D “film”).

5 Also known as a group action or G-set [29].
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that results from applying all possible operators from the group to a particular image
from the original set is called the orbit of that image under the group operation [29].

A camera at a fixed location, and free to zoom and pan, gives rise to a resulting pair
of 1-D frames taken by the camera, which are related by the coordinate transformation
from x to x», given by [30]:

Xy = zptan(arctan (x1/z1) —0), Vx1 # o1
= (ax1+b)/(cx1+1), Yx1 # 01 (3.1
wherea = z2/z1, b = —zp tan(0), ¢ = tan(0)/z1, and 01 = z; tan(xw/2+0) = —1/c

is the location of the singularity in the domain. We should emphasize that c, the degree
of perspective, has been given the interpretation of a chirp-rate [30]. The coordinate
transformations of Eq. (3.1) form a group operation. This result and the proof of this
group’s isomorphism to the group corresponding to nonsingular projections of a flat
object are given in Mann and Picard [31].

Projective Group in 2-D

The theory for the projective, affine, and translation groups also holds for the
familiar 2-D images taken of the 3-D world. The video orbit of a given 2-D frame
is defined to be the set of all images that can be produced by applying operators
from the 2-D projective group to the given image. Hence, we restate the coordinate
transformation problem: given a set of images that lie in the same orbit of the group,
we wish to find for each image pair that operator in the group which takes one image
to the other image.

If two frames, say f1 and f>, are in the same orbit, then there is a group operation
p such that the mean squared error (MSE) between f; and f2/ = po f> is zero, where
the symbol o denotes the operation of p acting on frame f;. In practice, however, we
find which element of the group takes one image “nearest” the other, for there will
be a certain amount of parallax, noise, interpolation error, edge effects, changes in
lighting, depth of focus, etc. Fig. 3.4 illustrates the operator p acting on frame f5 to
move it nearest to frame f7. (This figure does not, however, reveal the precise shape
of the orbit, which occupies an 8-D space.)

The primary assumptions in these cases are that of no parallax and of a static
scene. Because the 8-parameter projective model is “exact,” it is theoretically the
right model to use for estimating the coordinate transformation. The examples that
follow demonstrate that it also performs better in practice than the other proposed
models. In the next section, a new technique for estimating its eight parameters is
shown.
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FIGURE 34

Video orbits. (a) The orbit of frame 1 is the set of all images that can be produced
by acting on frame 1 with any element of the operator group. Assuming that
frames 1 and 2 are from the same scene, frame 2 will be close to one of the possible
projective coordinate transformations of frame 1. In other words, frame 2 lies
near the orbit of frame 1. (b) By bringing frame 2 along its orbit (which is nearly
the same orbit as the orbit of frame 1), we can determine how closely the two
orbits come together at frame 1.

3.6 Framework: Comparameter Estimation and Optical Flow

Before the new results are presented, existing methods of comparameter estimation
for coordinate transformations are reviewed. Comparameters refer to the relative
parameters that transform one image into another, between a pair of images from an
image sequence. Estimation of comparameters in a pairwise fashion can be dealt with
globally based on the group properties, assuming the parameters in question trace an
orbit of a group.

We classify existing methods into two categories: feature-based and featureless. Of
the featureless methods, consider two subcategories: methods based on minimizing
MSE (generalized correlation, direct nonlinear optimization) and methods based on
spatio-temporal derivatives and optical flow. Note that variations such as multiscale
have been omitted from these categories; multiscale analysis can be applied to any
of them. The new algorithm developed in this chapter (with final form given in
Section 3.7) is featureless and is based on multiscale spatio-temporal derivatives.

Some of the descriptions below are presented for hypothetical 1-D images takenin a
2-D space. This simplification yields a clearer comparison of the estimation methods.
The new theory and applications will be presented subsequently for 2-D images taken
in a 3-D space.

3.6.1 Feature-Based Methods

Feature-based methods [32, 33] assume that point correspondences in both images
are available. In the projective case, given at least three correspondences between
point pairs in the two 1-D images, we find the element p = {a, b, ¢} € P that maps the

© 2001 CRC Press LLC



second image into the first. Letxi, k = 1, 2, 3, ... be the points in one image, and let
Xy be the corresponding points in the other image. Then, X = (ax; + b)/(cx; + 1).
Rearranging yields axy + b — xxXyc = Xi, so that a, b, and ¢ can be found by solving
k > 3 linear equations in three unknowns:

[x 1 —Fw J[a b ] =] 3] (3.2)

using least squares if there are more than three correspondence points. The extension
from 1-D images to 2-D images is conceptually identical; for the affine and projective
models, the minimum number of correspondence points needed in 2-D is three and
four, respectively.

A major difficulty with feature-based methods is finding the features. Good features
are often hand-selected or computed, possibly with some degree of human interven-
tion [34]. A second problem with features is their sensitivity to noise and occlusion.
Even if reliable features exist between frames, these features may be subject to signal
noise and occlusion. The emphasis in the rest of this chapter is on robust featureless
methods.

3.6.2 Featureless Methods Based on Generalized Cross-Correlation

Cross-correlation of two frames is a featureless method of recovering translation
model comparameters. Affine and projective comparameters can also be recovered
using generalized forms of cross-correlation between two images (e.g., comparing
two images using cross correlation and related methods).

Generalized cross-correlation is based on an inner-product formulation which es-
tablishes a similarity metric between two functions, such as g and 4, where h ~ po g
is an approximately coordinate-transformed version of g but the comparameters of
the coordinate transformation p are unknown.® We can find, by exhaustive search
(applying all possible operators, p, to &), the “best” p as the one that maximizes the
inner product:

20 p~loh(x)
/ T T ohax G-

where we have normalized the energy of each coordinate-transformed & before making
the comparison. Equivalently, instead of maximizing a similarity metric, we can

minimize an anti-similarity metric, such as MSE, given by [*_(g(x) —p~' o h(x))2
dx. Solving Eq. (3.3) has an advantage over finding MSE when one image is not only
a coordinate-transformed version of the other but is also an amplitude-scaled version,
as generally happens when there is an automatic gain control or an automatic iris in
the camera.

O1n the presence of additive white Gaussian noise, this method, also known as “matched filtering,” leads
to a maximum likelihood estimate of the parameters [35].
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In 1-D, the affine model permits only dilation and translation. Given #, an affine
coordinate-transformed version of g, generalized correlation amounts to estimating
the parameters for dilation a and translation b by exhaustive search. The collection
of all possible coordinate transformations, when applied to one of the images (say, /)
serves to produce a family of templates to which the other image, g, can be compared.
If we normalize each template so that all have the same energy

1
hap(x) = —ah(ax + b)

7

then the maximum likelihood estimate corresponds to selecting the member of the
family that gives the largest inner product:

o0

(8(x), ha,p(x)) =/ g(X)ha p(x)dx

This result is known as a cross-wavelet transform. A computationally efficient
algorithm for the cross-wavelet transform has recently been presented [36]. (See
Weiss [37] for a good review on wavelet-based estimation of affine coordinate trans-
formations.)

Just like the cross-correlation for the translation group and the cross-wavelet for the
affine group, the cross-chirplet can be used to find the comparameters of a projective
coordinate transformation in 1-D, searching over a 3-parameter space. The chirplet
transform [38] is a generalization of the wavelet transform. The projective-chirplet
has the form

A _ ax+b (3.4)
@be = cx +1 ’

where h is the mother chirplet, analogous to the mother wavelet of wavelet theory.
Members of this family of functions are related to one another by projective coordinate
transformations.

With 2-D images, the search is over an 8-parameter space. A dense sampling of this
volume is computationally prohibitive. Consequently, combinations of coarse-to-fine
and iterative or repetitive gradient-based search procedures are required. Adaptive
variants of the chirplet transform have been previously reported in the literature [39].
However, there are still many problems with the adaptive chirplet approach; thus,
featureless methods based on spatio-temporal derivatives are now considered.

3.6.3 Featureless Methods Based on Spatio-Temporal Derivatives
Optical Flow — Translation Flow

When the change from one image to another is small, optical flow [40] may be
used. In 1-D, the traditional optical flow formulation assumes each point x in frame ¢
is a translated version of the corresponding point in frame # 4+ A¢, and that Ax and At
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are chosen in the ratio Ax/At = uy, the translational flow velocity of the point in
question. The image brightness E (x, t) is described by

E(x,t) = E(x + Ax,t + Af), Y(x,1). (3.5)

In the case of pure translation, u s is constant across the entire image. More generally
though, a pair of 1-D images are related by a quantity, u y(x) at each point in one of
the images.

Expanding the right side of Eq. (3.5) in a Taylor series and cancelling Oth order
terms give the well-known optical flow equation u  Ex + E; + h.o.t. = 0, where Ey
and E; are the spatial and temporal derivatives, respectively, and /.0.f. denotes higher
order terms. Typically, the higher order terms are neglected, giving the expression
for the optical flow at each point in one of the two images:

urE, +E ~0. (3.6)

Affine Fit and Affine Flow: a New Relationship

Given the optical flow between two images, g and &, we wish to find the coordinate
transformation to apply to A to make it look most like g. We now describe two
approaches based on the affine model: (1) finding the optical flow at every point and
then fitting this flow with an affine model (affine fit), and (2) rewriting the optical flow
equation in terms of an affine (not translation) motion model (affine flow).

Wang and Adelson have proposed fitting an affine model to an optical flow field [41]
of 2-D images. We briefly examine their approach with 1-D images (1-D images sim-
plify analysis and comparison to other methods). Denote coordinates in the original
image, g, by x, and in the new image, &, by X. Suppose that & is a dilated and
translated version of g, so X = ax + b for every corresponding pair (x, x). Equiva-
lently, the affine model of velocity (normalizing At = 1), u,, = X — x, is given by
uy = (a — 1)x + b. We can expect a discrepancy between the flow velocity, u f,
and the model velocity, u,,, due to either errors in the flow calculation or errors in the
affine model assumption. Accordingly, we apply linear regression to obtain the best
least-squares fit by minimizing:

epit = (m —us) =Y (um + Er/E) . (37)

X

The constants a and b that minimize ¢ 7;, over the entire patch are found by differ-
entiating Eq. (3.7), and setting the derivatives to zero. This results in the affine fit
equations [42]:

st LR ] e

Alternatively, the affine coordinate transformation may be directly incorporated
into the brightness change constraint equation (3.5). Bergen et al. [43] have proposed
this method, which has been called affine flow to distinguish it from the affine fit
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model of Wang and Adelson Eq. (3.8). Let us show how affine flow and affine fit are
related. Substituting u,, = (ax + b) — x directly into Eq. (3.6) in place of u y and
summing the squared error

Etow = Y (mEx + Er)’ (3.9)

X

over the whole image, differentiating, and equating the result to zero gives a linear
solution for both a and b:

Zxsz)%,ZXXE)% a—l _ ZxxExEt
YL XEL Y, Ex b |=7| S EE | (3.10)

To see how this result compares to the affine fit we rewrite Eq. (3.7)

umEy + E; \?
=y <—Ex ) G.11)

X

and observe, comparing Eqgs. (3.9) and (3.11), that affine flow is equivalent to a
weighted least-squares fit, where the weighting is given by Ef Thus the affine flow
method tends to put more emphasis on areas of the image that are spatially varying
than does the affine fit method. Of course, one is free to separately choose the
weighting for each method in such a way that affine fit and affine flow methods both
give the same result. Practical experience tends to favor the affine flow weighting, but,
more generally, perhaps we should ask, “what is the best weighting?” For example,
maybe there is an even better answer than the choice among these two. Lucas and
Kanade [44], among others, have considered weighting issues.

Another approach to the affine fit involves computation of the optical flow field
using the multiscale iterative method of Lucas and Kanade, and then fitting to the affine
model. An analogous variant of the affine flow method involves multiscale iteration
as well, but in this case the iteration and multiscale hierarchy are incorporated directly
into the affine estimator [43]. With the addition of multiscale analysis, the fit and
flow methods differ in additional respects beyond just the weighting. Experience
indicates that the direct multiscale affine flow performs better than the affine fit to
the multiscale flow. Multiscale optical flow makes the assumption that blocks of
the image are moving with pure translational motion, and then, paradoxically, the
affine fit refutes this pure-translation assumption. However, fit provides some utility
over flow when it is desired to segment the image into regions undergoing different
motions [45], or to gain robustness by rejecting portions of the image not obeying the
assumed model.

Projective Fit and Projective Flow: New Techniques

Analogous to the affine fit and affine flow of the previous section, two new methods
are proposed: projective fit and projective flow. For the 1-D affine coordinate trans-
formation, the graph of the range coordinate as a function of the domain coordinate
is a straight line; for the projective coordinate transformation, the graph of the range
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coordinate as a function of the domain coordinate is a rectangular hyperbola [31].
The affine fit case used linear regression; however, in the projective case hyperbolic
regression is used. Consider the flow velocity given by Eq. (3.6) and the model
velocity:

ax+b
—Xx
cx +1

(3.12)

Uy =X — X =

and minimize the sum of the squared difference paralleling Eq. (3.9):
ax+b E, 2
= — — ] . 3.13
2w o)

For projective-flow (p-flow) we use, as for affine flow, the Taylor series of u,,:

Um +x =b+ (a —bo)x + (be — a)ex® + (a — be)e? x> + - - - (3.14)

and again use the first three terms, obtaining enough degrees of freedom to account
for the 3 comparameters being estimated. Letting € = Z(—h.o.t.)2 =Y (b+
(@ — be — Dx + (be — a)ex®)E, + E,)?, q = (bc —a)c, q1 = a—bc — 1,
and go = b, and differentiating with respect to each of the 3 comparameters of q,
setting the derivatives equal to zero, and verifying with the second derivatives, gives
the linear system of equations for projective flow:

Y x*E2 S XPE2 Y X2EX g0 Y x?E.E,
Y x3EZ Y xE2 Y xEX || 1 |=—| Y xELE (3.15)
Yot Yxr2 T L] | TEE

In Section 3.7 we extend this derivation to 2-D images and show how a repetitive
approach may be used to compute the parameters, p, of the exact model. A feedback
system is used where the feedforward loop involves computation of the approximate
parameters, , in the extension of Eq. (3.15) to 2-D.

As with the affine case, projective fit and projective flow Eq. (3.15) differ only
in the weighting assumed, although projective fit provides the added advantage of
enabling the motion within an arbitrary subregion of the image to be easily found.
In this chapter only global image motion is considered, for which the projective flow
model has been found to be best [42].

3.7 Multiscale Projective Flow Comparameter Estimation

In the previous section, two new techniques, p-fit and p-flow, were proposed. Now
we describe our algorithm for estimating the projective coordinate transformation
for 2-D images using p-flow. We begin with the brightness constancy constraint
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equation for 2-D images [40] which gives the flow velocity components in the x and
y directions, analogous to Eq. (3.6):

urE, +vpEy + E ~0. (3.16)

As is well known [40], the optical flow field in 2-D is underconstrained.” The
model of pure translation at every point has two comparameters, but there is only
one equation (3.16) to solve. Thus it is common practice to compute the optical flow
over some neighborhood, which must be at least two pixels but is generally taken
over a small block, 3 x 3, 5 x 5, or sometimes larger (e.g., the entire image, as in this
chapter).

Our task is not to deal with the 2-D translation flow but with the 2-D projective
flow, estimating the eight comparameters in the coordinate transformation:

- T
- [x] Alx,yl" +b  Ax+b 3.17)

X = - = = .
y T, yvIT+1  eTx+1

The desired eight scalar parameters are denoted by p = [A, b;c, 1], A € R2%2
b € R2*! and ¢ € R2*1,

As with the 1-D images, we make similar assumptions in expanding Eq. (3.17)
in its own Taylor series, analogous to Eq. (3.14). If we take the Taylor series up
to second order terms, we obtain the biquadratic model mentioned in Section 3.5.
As mentioned there, by appropriately constraining the twelve parameters of the bi-
quadratic model, we obtain a variety of 8-parameter approximate models. In our
algorithm for estimating the exact projective group parameters, we will use one of
these approximate models in an intermediate step.® We illustrate the algorithm below
using the bilinear approximate model since it has the simplest notation.’ First, we
incorporate the approximate model directly into the generalized fit or generalized
flow. The Taylor series for the bilinear case gives

Up +x = Gixyxy +(gix + D x +qzyy + gz
Un +Y = Gyyxy +q5cx + (g5, + 1) y + g5 (3.18)

Incorporating these into the flow criteria yields a simple set of eight scalar “linear”

7Optical flow in 1-D did not suffer from this problem.
8Use of an approximate model that does not capture chirping or preserve straight lines can still lead to the
true projective parameters as long as the model captures at least eight degrees of freedom.

9The pseudo-perspective gives slightly better performance; its development is the same but with more
notation.
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(correctly speaking, affine) equations in eight scalar unknowns, for “bilinear flow”:

szyzE%, szyE%, nyZE%, > xyEy, szyzE)-Ex, ZXZyE)-EX, nyzEyEx, Y EyxyEx

szyE)%. ZXZE%, nyE%, ZxE)% szyE_vEx. Zx2EyEx, Y xyEyEx, Y EyxEx
Yo?E;.  YoyEr.  YyPEf. YyEr. YL xyv’EyEx, YxyEyEx. Y y?EyEx. Y EyyEx
Y xyES, T xER. Y VER, T ER Y ayEyEx, Y xEyEx, Y yEyEx, Y EyEq
ZXZYZEXE)'s ZXZ,VEXEys Zx}’zExEy, Y ExxyEy, szyzEf, Z.’czyEg, nyzEg, nyE%
sz)'ExE)-, szExEy, Y xyExEy, Y ExxEy, szyE}z,, szE%, nyE?, ZXE%
Sy ExEy, Y xyExEy, Y y?ExEy, Y ExyEy, Y.Xy?E3, Y xyEj,  Yy*E} L yE}
Y xyExEy, Y xExEy, Y yExEy, Y ExEy, Y xyEj, Y xE}, Y yE} Y E?

dxxy

9xx

dxy

quv = — | Y EixyEx,Y EixEx.Y E;yEx.Y E(Ex,Y E;xyEy,Y ErxEy, Y EyEy,Y E(Ey ]T

d5x

a5y

a5

(3.19)

The summations are over the entire image (all x and y) if computing global motion
(as is done in this chapter), or over a windowed patch if computing local motion. This
equation looks similar to the 6 x 6 matrix equation presented in Bergen et al. [43],
except that it serves to address projective geometry rather than the affine geometry of
Bergen et al. [43].

In order to see how well the model describes the coordinate transformation between
2 images, say g and A, one might wczrp10 h to g, using the estimated motion model,
and then compute some quantity that indicates how different the resampled version
of h is from g. The MSE between the reference image and the warped image might
serve as a good measure of similarity. However, since we are really interested in how
the exact model describes the coordinate transformation, we assess the goodness of fit
by first relating the parameters of the approximate model to the exact model, and then
find the MSE between the reference image and the comparison image after applying
the coordinate transformation of the exact model. A method of finding the parameters
of the exact model, given the approximate model, is presented in Section 3.7.1.

3.7.1 Four Point Method for Relating Approximate Model to Exact
Model

Any of the approximations above, after being related to the exact projective model,
tend to behave well in the neighborhood of the identity, A =1, b=0,¢c = 0. In 1-D,
we explicitly expanded the Taylor series model about the identity; here, although we
do not explicitly do this, we assume that the terms of the Taylor series of the model
correspond to those taken about the identity. In the 1-D case, we solve the three linear
equations in three unknowns to estimate the comparameters of the approximate motion
model, and then we relate the terms in this Taylor series to the exact comparameters,

10The term warp is appropriate here, since the approximate model does not preserve straight lines.
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a, b, and c (which involves solving another set of three equations in three unknowns,
the second set being nonlinear, although very easy to solve).

In the extension to 2-D, the estimate step is straightforward, but the relate step is
more difficult because we now have eight nonlinear equations in eight unknowns,
relating the terms in the Taylor series of the approximate model to the desired exact
model parameters. Instead of solving these equations directly, we now propose a
simple procedure for relating the parameters of the approximate model to those of
the exact model, which we call the four point method:

1. Select four ordered pairs (such as the four corners of the bounding box contain-
ing the region under analysis, or the four corners of the image if the whole image
is under analysis). Here suppose, for simplicity, that these points are the corners
of the unit square: s = [s1, 52, 53, s4] = [(0,0)7, (0, DT, (1,07, (1, DT].

2. Apply the coordinate transformation using the Taylor series for the approximate
model [e.g., Eq. (3.18)] to these points: r = u,,(s).

3. Finally, the correspondences between r and s are treated just like features. This
results in four easy-to-solve linear equations:

Xk _ Xk, Vk,1,0,0,0, =X, —yeXi
Vi ] 0,0,0,x%, vk, 1, =Xk Ik, —Vi Ik
[ afx5aiy’biaan5ay}'abyaCXacy ]T (320)

where 1 < k < 4 is resulting in the exact eight parameters, p.

We remind the reader that the four corners are not feature correspondences as used
in the feature-based methods of Section 3.6.1, but, rather, are used so that the two
featureless models (approximate and exact) can be related to one another.

It is important to realize the full benefit of finding the exact parameters. While the
approximate model is sufficient for small deviations from the identity, it is not adequate
to describe large changes in perspective. However, if we use it to track small changes
incrementally, and each time relate these small changes to the exact model Eq. (3.17),
then we can accumulate these small changes using the law of composition afforded
by the group structure. This is an especially favorable contribution of the group
framework. For example, with a video sequence, we can accommodate very large
accumulated changes in perspective in this manner. The problems with cumulative
error can be eliminated, for the most part, by constantly propagating forward the true
values, computing the residual using the approximate model, and each time relating
this to the exact model to obtain a goodness-of-fit estimate.

3.7.2 Overview of the New Projective Flow Algorithm

Below is an outline of the new algorithm for estimation of projective flow. Details
of each step are in subsequent sections.

Frames from an image sequence are compared pairwise to test whether or not they
lie in the same orbit:
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1. A Gaussian pyramid of three or four levels is constructed for each frame in the
sequence.

2. The comparameters p are estimated at the top of the pyramid, between the two
lowest-resolution images of a frame pair, g and &, using the repetitive method
depicted in Fig. 3.5.

3. The estimated p is applied to the next higher-resolution (finer) image in the
pyramid, p o g, to make the two images at that level of the pyramid nearly
congruent before estimating the p between them.

4. The process continues down the pyramid until the highest-resolution image in
the pyramid is reached.

g > q
group est q ' » q_tO_p > p

operation

FIGURE 3.5

Method of computation of eight comparameters p between two images from the
same pyramid level, ¢ and /. The approximate model parameters q are related
to the exact model parameters p in a feedback system.

3.7.3 Multiscale Repetitive Implementation

The Taylor-series formulations we have used implicitly assume smoothness; the
performance is improved if the images are blurred before estimation. To accomplish
this, we do not downsample critically after lowpass filtering in the pyramid. How-
ever, after estimation we use the original (unblurred) images when applying the final
coordinate transformation.

The strategy we present differs from the multiscale iterative (affine) strategy of
Bergen et al. in one important respect beyond simply an increase from six to eight
parameters. The difference is the fact that we have two motion models, the “exact
motion model” Eq. (3.17) and the “approximate motion model,” namely the Taylor
series approximation to the motion model itself. The approximate motion model is
used to iteratively converge to the exact motion model, using the algebraic law of
composition afforded by the exact projective group model. In this strategy, the exact
parameters are determined at each level of the pyramid, and passed to the next level.
The steps involved are summarized schematically in Fig. 3.5, and described below:

1. Initialize: set ho = h and set pg o to the identity operator.
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2. Iterate (k=1...K):

(a) Estimate: estimate the 8 or more terms of the approximate model be-
tween two image frames, g and hi_;. This results in approximate model
parameters q.

(b) Relate: relate the approximate parameters q; to the exact parameters
using the “four point method.” The resulting exact parameters are px.

(c) Resample: apply the law of composition to accumulate the effect of the
P«’s. Denote these composite parameters by po.x = Pk ©Po.k—1. Then set
hi = po.x o k. (This should have nearly the same effect as applying pi to
hix—1, except that it will avoid additional interpolation and anti-aliasing
errors you would get by resampling an already resampled image [16].)

Repeat until either the error between hy and g falls below a threshold, or until
some maximum number of repetitions is achieved. After the first repetition, the
parameters ( tend to be near identity since they account for the residual between the
“perspective-corrected” image /1 and the “true” image g. We find that only two or
three repetitions are usually needed for frames from nearly the same orbit.

A rectangular image assumes the shape of an arbitrary quadrilateral when it un-
dergoes a projective coordinate transformation. In coding the algorithm, we pad the
undefined portions with the quantity NaN, a standard IEEE arithmetic [46] value, so
that any calculations involving these values automatically inherit NaN without slow-
ing down the computations. The algorithm, running in Matlab on an HP 735, takes
about six seconds per repetition for a pair of 320x240 images. A C language version,
optimized, compiled, and running on the wearable computer portion of various PSDs
built by the author, typically runs in a fraction of a second, in some cases on the order
of 1/10th of a second or so. A Xilinx FPGA-based version of the PSD is currently
being built by the author, together with Professor Jonathan Rose and others at the
University of Toronto, and is expected to run the entire process in less than 1/60th of
a second.

3.7.4 Exploiting Commutativity for Parameter Estimation

A fundamental uncertainty [47] is involved in the simultaneous estimation of pa-
rameters of a noncommutative group, akin to the Heisenberg uncertainty relation of
quantum mechanics. In contrast, for acommutative' ! group (in the absence of noise),
we can obtain the exact coordinate transformation.

Segman, Rubinstein, and Zeevi [48] considered the problem of estimating the
parameters of a commutative group of coordinate transformations, in particular, the

A commutative (or Abelian) group is one in which elements of the group commute. For example,
translation along the x-axis commutes with translation along the y-axis, so the 2-D translation group is
commutative.
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parameters of the affine group [49]. Their work also deals with noncommutative
groups, in particular, in the incorporation of scale in the Heisenberg group!? [50].

Estimating the parameters of a commutative group is computationally efficient,
e.g., through the use of Fourier cross-spectra [51]. We exploit this commutativity
for estimating the parameters of the noncommutative 2-D projective group by first
estimating the parameters that commute. For example, we improve performance if
we first estimate the two parameters of translation, correct for the translation, and
then proceed to estimate the eight projective parameters. We can also simultaneously
estimate both the isotropic-zoom and the rotation about the optical axis by applying a
log-polar coordinate transformation followed by a translation estimator. This process
may also be achieved by a direct application of the Fourier-Mellin transform [52].
Similarly, if the only difference between g and / is a camera pan, then the pan may
be estimated through a coordinate transformation to cylindrical coordinates, followed
by a translation estimator.

In practice, we run through the following commutative initialization before esti-
mating the parameters of the projective group of coordinate transformations:

1. Assume that % is merely a translated version of g.

(a) Estimate this translation using the method of Girod and Kuo [51].
(b) Shift & by the amount indicated by this estimate.

(c) Compute the MSE between the shifted s and g and compare to the original
MSE before shifting.

(d) If an improvement has resulted, use the shifted 4 from now on.
2. Assume that & is merely a rotated and isotropically zoomed version of g.

(a) Estimate the two parameters of this coordinate transformation.
(b) Apply these parameters to 4.

(c) If an improvement has resulted, use the coordinate-transformed (rotated
and scaled) 4 from now on.

3. Assume that & is merely an x-chirped (panned) version of g and similarly x-
dechirped 4. If an improvement results, use the x-dechirped 4 from now on.
Repeat for y (tilt.)

Compensating for one step may cause a change in choice of an earlier step. Thus it
might seem desirable to run through the commutative estimates repetitively. However,
our experience on lots of real video indicates that a single pass usually suffices and, in
particular, will catch frequent situations where there is a pure zoom, pure pan, pure tilt,
etc. both saving the rest of the algorithm computational effort, as well as accounting
for simple coordinate transformations such as when one image is an upside-down

12While the Heisenberg group deals with translation and frequency-translation (modulation), some of the
concepts could be carried over to other more relevant group structures.
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version of the other. (Any of these pure cases corresponds to a single parameter
group, which is commutative.) Without the commutative initialization step, these
parameter estimation algorithms are prone to getting caught in local optima and thus
never converging to the global optimum.

3.8 Performance/Applications
3.8.1 A Paradigm Reversal in Resolution Enhancement

Much of the previous work on resolution enhancement [14, 53, 54] has been di-
rected toward military applications, where one cannot get close to the subject matter;
therefore, lenses of very long focal lengths were generally used. In this case, there
was very little change in perspective and the motion could be adequately approxi-
mated as affine. Budgets also permitted lenses of exceptionally high quality, so the
resolving power of the lens far exceeded the resolution of the sensor array.

Sensor arrays in earlier applications generally had a small number of pixels com-
pared to today’s sensors, leaving considerable “dead space” between pixels. Conse-
quently, using multiple frames from the image sequence to fill in gaps between pixels
was perhaps the single most important consideration in combining multiple frames
of video.

We argue that in the current age of consumer video, the exact opposite is generally
true: subject matter generally subtends a larger angle (e.g., is either closer, or more
panoramic in content), and the desire for low cost has led to cheap plastic lenses
that have very large distortion. Moreover, sensor arrays have improved dramatically.
Accurate solution of the projective model is more important than ever in these new
applications.

In addition to consumer video, there will be a large market in the future for small
wearable wireless cameras. A prototype, the wearable wireless webcam (an eyeglass-
based video production facility uplinked to the Internet [11]) has provided one of the
most extreme testbeds for the algorithms explored in this research, as it captures noisy
transmitted video frames, grabbed by a camera attached to a human head, free to move
at the will of the individual. The projective model is especially well-suited to this new
application, as people can turn their heads (camera rotation about an approximately
fixed center of projection) much faster than they can undergo locomotion (camera
translation). The new algorithm described in this chapter has consistently performed
well on noisy data gathered from the headcam, even when the scene is not static and
there is parallax.

Four Ways by which Resolution May be Enhanced:

1. Sub-pixel — “Filling in the gaps.”
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2. Scene widening — Increased spatial extent; stitching together images in a
panorama.

3. Saliency — Suppose we have a wide shot of a scene, and then zoom into one
person’s face in the scene. In order to insert the face without downsampling it,
we need to upsample the wide shot, increasing the meaningful pixel count of
the whole image.

4. Perspective — In order to seamlessly mosaic images from panning with a wide
angle lens, images need to be brought into a common system of coordinates
resulting in a keystoning effect on the previously rectangular image boundary.
Thus, we must hold the pixel resolution constant on the “squashed” side and
upsample on the “stretched” side, resulting in increased pixel resolution of the
entire mosaic.

The first of these four may arise from either microscopic camera movement (induc-
ing image motion on the order of a pixel or less) or macroscopic camera movement
(inducing motion on the order of many pixels). However, as movement increases,
errors in registration will tend to increase, and enhancement due to sub-pixels will
be reduced, while the enhancement due to scene widening, saliency, and perspective
will increase.

Results of applying the proposed method to subpixel resolution enhancement are
not presented in this chapter but may be found in Mann and Picard [31].

3.8.2 Increasing Resolution in the ‘“Pixel Sense”

Fig. 3.6 shows some frames from a typical image sequence. Fig. 3.7 shows the
same frames transformed into the coordinate system of frame (c); that is, the middle
frame was chosen as the reference frame.

Given that we have established a means of estimating the projective coordinate
transformation between any pair of images, there are two basic methods we use for
finding the coordinate transformations between all pairs of a longer image sequence.
Because of the group structure of the projective coordinate transformations, it suffices
to arbitrarily select one frame and find the coordinate transformation between every
other frame and this frame. The two basic methods are:

1. Differential comparameter estimation: the coordinate transformations be-
tween successive pairs of images, po.1, P1.2, P2.3, - - - , estimated.

2. Cumulative comparameter estimation: the coordinate transformation be-
tween each image and the reference image is estimated directly. Without loss
of generality, select frame zero (Ep) as the reference frame and denote these
coordinate transformations as po,1, Po.2, P03, - - -

Theoretically, the two methods are equivalent:
Ey = poi1opizo...opy_1,E, — differential method

Ey po.n E, — cumulative method (3.21)
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(@) (b)

(©) (d) ()
FIGURE 3.6

Received frames of image sequence transformed by way of comparameters with
respect to frame (c). Frames from original image orbit, sent from the apparatus
of the author’s WearComp (‘““wearable computer”) invention [1], connected to
eyeglass-based imaging apparatus. (Note the apparatus captures a sideways
view so that it can ‘“paint” out the image canvas with a wider “brush,” when
sweeping across for a panorama.) The entire sequence, consisting of all 20 color
frames, is available (see note at end of the references section), together with
examples of applying the proposed algorithm to this data.

(a) (c) (d) (e)

FIGURE 3.7

Received frames from image video orbit, transformed by way of comparameters
with respect to frame (c). This transformed sequence involves moving them
along the orbit to the reference frame (c). The coordinate-transformed images
are alike except for the region over which they are defined. Note that the regions
are not parallelograms; thus, methods based on the traditional affine model fail.

(b)

However, in practice the two methods differ for two reasons:

1. Cumulative error: in practice, the estimated coordinate transformations be-
tween pairs of images register them only approximately, due to violations of
the assumptions (e.g., objects moving in the scene, center of projection not
fixed, camera swings around to bright window and automatic iris closes, etc.).
When a large number of estimated parameters are composed, cumulative error
sets in.
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2. Finite spatial extent of image plane: theoretically, the images extend infinitely
in all directions, but, in practice, images are cropped to a rectangular bounding
box. Therefore, a given pair of images (especially if they are far from adjacent
in the orbit) may not overlap at all; hence, it is not possible to estimate the
parameters of the coordinate transformation using those two frames.

The frames of Fig. 3.6 were brought into register using the differential parameter
estimation and “cemented” together seamlessly on a common canvas. Cementing
involves piecing the frames together, for example by median, mean, or trimmed
mean, or combining on a subpixel grid [31]. (Trimmed mean was used here, but the
particular method made little visible difference.) Fig. 3.8 shows this result (projec-
tive/projective), with a comparison to two nonprojective cases. The first comparison
is to affine/affine where affine parameters were estimated (also multiscale) and used
for the coordinate transformation. The second comparison, affine/projective, uses the
six affine parameters found by estimating the eight projective parameters and ignor-
ing the two chirp parameters ¢ (which capture the essence of tilt and pan). These six
parameters A, b are more accurate than those obtained using the affine estimation,
as the affine estimation tries to fit its shear parameters to the camera pan and tilt. In
other words, the affine estimation does worse than the six affine parameters within
the projective estimation. The affine coordinate transform is finally applied, giving
the image shown. Note that the coordinate-transformed frames in the affine case are
parallelograms.

3.9 Summary

Some new connections between different motion estimation approaches, in par-
ticular a relation between affine fit and affine flow have been presented. This led to
the proposal of two new techniques, projective fit and projective flow which estimate
the projective comparameters (coordinate transformation) between pairs of images,
taken with a camera that is free to pan, tilt, rotate about its optical axis and zoom.

A new multiscale repetitive algorithm for projective flow was presented and applied
to comparametric transformations for sending images over a serendipitous communi-
cations channel. The algorithm solves for the 8 parameters of the “exact” model (the
projective group of coordinate transformations), is fully automatic, and converges
quickly.

The proposed method was found to work well on image data collected from both
good-quality and poor-quality video under a wide variety of transmission conditions
(noisy communications channels, etc.) as well as a wide variety of visual conditions
(sunny, cloudy, day, night). It has been tested primarily with an eyeglass-mounted
PSD, and performs successfully even in the presence of noise, interference, scene
motion (such as people walking through the scene), and parallax (such as the author’s
head moving freely.)
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_ projective/projective affine/projective

affine/affine

FIGURE 3.8

Frames of Fig. 3.7 “cemented” together on single image ‘“‘canvas,” with com-
parison of affine and projective models. Note the good registration and nice
appearance of the projective/projective image despite the noise in the serendipi-
tous transmitter of the wearable Personal Safety Device, wind-blown trees, and
the fact that the rotation of the camera was not actually about its center of pro-
jection. To see this image in color, see http: //wearcam.org/orbits where
additional examples (e.g., some where the algorithm still worked despite “crowd
noise’’ where many people were entering and leaving the building) also appear.
Selecting just a few of the 20 frames produces approximately the same picture.
In this way the methodology makes it difficult for a criminal to jam or prevent
the operation of the Personal Safety Device. Note also that the affine model fails
to properly estimate the motion parameters (affine/affine), and even if the ‘“ex-
act” projective model is used to estimate the affine parameters, there is no affine
coordinate transformation that will properly register all of the image frames.

By looking at image sequences as collections of still pictures related to one another
by global comparameters, the images were expressed as part of the orbit of a group of
coordinate transformations. This comparametric philosophy for transforms, image
sequence coding, and transmission suggests that rather than sending every frame of
a video sequence, we might send a reference frame, and the comparameters relating
this reference frame to the other frames. More generally, we can send a photoquanti-
graphic image composite [1], along with a listing of the comparameters from which
each image in the sequence may be drawn.

A new framework for constructing transforms, based on an Edgertonian rather
than a Nyquist sampling philosophy, was proposed. Concomitant with Edgertonian
sampling, was the principle of Fear of Functionality (FoF). By putting ourselves in the
shoes of one who would regard functionality as undesirable, a new framework emerges
in which unpredictability is a good thing. While the FoF framework seems at first
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paradoxical, it leads the way to new kinds of image transforms and image compression
schemes. For example, the proposed comparametric image compression is based on
a best case FoF model.

This model of comparametric compression is best suited to a wearable serendipitous
personal imaging system, especially one that naturally taps the mind’s eye, with the
possibility that at any time what goes in the eye might also go into an indestructible
(e.g., distributed on the World Wide Web) photographic/videographic memory recall
system.

In the future, it is expected that many people will wear personal imaging devices,
and that there will be a growing market for EyeTap (TM) video cameras once they are
manufactured in mass production. The fundamental issue of limited bandwidth over
wireless networks will make it desirable to further develop and refine this compara-
metric image compression and transmission approach. Moreover, a robust best-case
wireless network may well supplant the current worst-case engineering approach used
with many wireless networks.

PTP, a lossy, connectionless, serendipitously updated transmission protocol, will
find new applications in the future world of ubiquitous Eye Tap video transmissions
of first-person experiences.
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Chapter 4

Discrete Cosine and Sine Transforms

Vladimir Britanak

Slovak Academy of Sciences

4.1 Introduction

The discrete cosine transform (DCT) and discrete sine transform (DST) are mem-
bers of a family of sinusoidal unitary transforms. They have found applications in
digital signal and image processing and particularly in transform coding systems for
data compression/decompression. Among the various versions of DCT, types II and
IIT have received much attention in digital signal processing. Besides being real,
orthogonal, and separable, its properties are relevant to data compression and fast
algorithms for its computation have proved to be of practical value. Recently, DCT
has been employed as the main processing tool for data compression/decompression
in international image and video coding standards [31]. An alternative transform used
in transform coding systems is DST. In fact, the alternate use of modified forms of
DST and DCT has been adopted in the international audio coding standards MPEG-1
and MPEG-2 (Moving Picture Experts Group) [31].

In this chapter, the definitions and basic mathematical properties of four even
types of DCT and the DST are discussed. Then, the properties of DCT and DST
relevant to data compression are briefly outlined. For each DCT and DST, a fast
computational algorithm is described, and a corresponding regular generalized signal
flow graph is shown, followed by its implementation in C. Finally, to illustrate the
compression capability of DCT, a real DCT-based data compression application is
considered. The simple and efficient JPEG (Joint Photographic Experts Group) DCT-
based image compression and decompression system [31] and its implementation is
described in detail. Generally, this chapter contains many implemented algorithms
that can be useful not only in data compression applications but also in any other
DCT- and DST-related applications.
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4.2 The Family of DCTs and DSTs

DCTs and DSTs are members of the class of sinusoidal unitary transforms devel-
oped by Jain [1]. A sinusoidal unitary transform is an invertible linear transform
whose kernel describes a set of complete, orthogonal discrete cosine and/or sine ba-
sis functions. The well-known Karhunen—Loeve transform (KLT) [30], generalized
discrete Fourier transform [2], generalized discrete Hartley transform [3] or equiva-
lently generalized discrete W transform [4], and various types of the DCT and DST
are members of this class of unitary transforms.

The set of DCTs and DSTs introduced by Jain [1] is not complete. The complete set
of DCTs and DSTs, so-called discrete trigonometric transforms, has been described
by Wang and Hunt [4]. The family of discrete trigonometric transforms consists of
8 versions of DCT and corresponding 8 versions of DST [13, 14]. Each transform
is identified as even or odd and of type I, II, III, and IV. All present digital signal
and image processing applications (mainly transform coding and digital filtering of
signals) involve only even types of the DCT and DST. Therefore, this chapter considers
four even types of DCT and DST.

4.2.1 Definitions of DCTs and DSTs

In subsequent sections, N is assumed to be an integer power of 2, i.e., N = 2™. A
subscript of a matrix denotes its order, while a superscript denotes the version number.

Four normalized even types of DCT in the matrix form are defined as [4]

I 2 mnk
DCT —1: [CN+1]nk: N enekcosT , (4.1a)

n,k=0,1,..., N,

DCT — 11 [C”] 2 7(2n + Dk (4.1b)
—1I1: =,/—|excos ———| , .
N nk N k 2N
nk=0,1,...,N—1,
2 2k +1
DCT — 111 : [C]'\,”] == encosu . (410
nk N 2N
n,k=0,1,. -1,
2 2 DRk +1
DCT — 1V - [ y ‘/ [cosn(n—i_ )2k + )}, (4.1d)
0,1,.
where
L — _
¢ = 7 p—Of)rp—N
1 otherwise
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and the corresponding four normalized even types of the DST are defined as [4]

2 Dk +1
DST — 1 : [sjv_l] - —[Sinw}, (4.22)
nk N N
nk=0,1,...,N—2,
] 17 . 2 o a@n+DHk+1)
DST —1I1 : [SN]nk_,/N[eksm 2N } (4.2b)
nmk=0,1,...,N—1,
2 2+ 1 |
DST —I11 : [S,’j'] = 2 e sin TEEED@ED Y
nk N 2N
mk=0,1,...,N—1,
2 24+ 1)k + 1
DST — 1V - [SQ,V] _ 2 [ T DCRE D o
nk N 4N
nmk=0,1,...,N—1,
where
e N
Gq: \/E q_N 1
1 otherwise.

The DCT-I introduced by Wang and Hunt [5] is defined for the order N + 1. It can be
considered a special case of symmetric cosine transform introduced by Kitajima [6].
The DST-I introduced by Jain [7] is defined for the order N — 1 and constitutes the
basis of a technique called recursive block coding [35]. The DCT-II and its inverse,
DCT-IIL, first reported by Ahmed, Natarajan, and Rao [8], has an excellent energy
compaction property, and among the currently known unitary transforms it is the
best approximation for the optimal KLT. The DST-1I and its inverse, DST-III, have
been introduced by Kekre and Solanki [9]. DST-II is a complementary or alternative
transform to DCT-II used in transform coding. DCT-IV and DST-IV introduced by
Jain [1] have found applications in the fast implementation of lapped orthogonal
transform for the efficient transform/subband coding [12].

4.2.2 Mathematical Properties

The basic mathematical properties of discrete transforms are fundamental for their
use in practical applications. Thus, properties such as scaling, shifting, and convo-
lution are readily applied in the discrete transform domain. In the following, we
briefly summarize the most relevant mathematical properties of the family of DCTs
and DSTs.

DCT and DST matrices are real and orthogonal. All DCTs and DSTs are separa-
ble transforms; the multidimensional transform can be decomposed into successive
application of one-dimensional (1-D) transforms in the appropriate directions.
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The Unitarity Property

The following relations hold for inverse DCT matrices

[Czlv+1:_1= [CJIVH]T =[Chai] (4.32)
@l'- @] -[¥] ew
T @] =[]
= @] =[]

] - [Sjv,l] (4.42)
[s}v’]q - [S;,’ ]T - [SII\,”] (4.4b)
] [S,’V’] (4.4¢)

[SIIVV] g [SjVV]T - [S,’VV] (4.4d)
If the nonsingular matrix is real and orthogonal, its inverse is obtained as its trans-
pose. In the definitions of DCT and DST, matrices given by Eqgs. (4.1a)—(4.1d) and
Egs. (4.2a)-(4.2d), respectively, the normalization factors +/(2/N) can be merged
as 2/N, and it can be moved to either the forward or inverse transform. By merg-
ing these normalization factors, the family of DCT and DST matrices are no longer
orthonormal. They are, however, still orthogonal. The DCT-I, DCT-1V, DST-1, and
DST-IV matrices are involutory, i.e., they are orthogonal and symmetric. The sym-
metry of an orthogonal matrix indicates that algorithms for the forward and inverse
transform computation will be the same except for the normalization. On the other
hand, DCT-II and DCT-III are inverses of each other. The same property holds for
DST-II and DST-III.

The Linearity Property
Since matrix multiplication is a linear operation, i.e.,
M(ag+Bf)y=aMg+BMf 4.5)
for a matrix M, constants « and 8, and vectors g and f, all DCTs and DSTs are linear
transforms.
The Convolution-Multiplication Property

All DCTs and DSTs possess convolution — multiplication property which is a
powerful tool for performing digital filtering in the transform domain. The convolu-
tion operation in the transform domain realized by taking an inverse transform of the
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product of forward transforms of two data sequences is equivalent to symmetric con-
volution of those symmetrically extended sequences in the spatial domain [13, 14].
Let {x,} and {y,} be two input data sequences to be convolved. Generally, the relation
between the symmetric convolution and transform domain convolution-multiplication
property can be expressed by the following equation

—1

{x,} <se> {ys} = 7; [Ta {xn} x Tp {yn}l , (4.6)

where < sc > is the operator of symmetric convolution, x denotes element-by-
element multiplication of its operands, and 7,{x,} denotes a specified transform 7,
of the sequence {x,}. As an example, the convolution-multiplication property for

the DCT-II is obtained by substituting 7, = T = [C,I\:] and 7, = [Cll\, 1l : into
Eq. (4.6). Definition of the symmetric convolution and convolution-multiplication
properties for the entire family of discrete trigonometric transforms are given in
references [13, 14], and [15].

The Shift Property, Scaling, and Difference Property

For the family of DCTs and DSTs, the reader can find the complete derivations of
the shift property in references [10, 11], and [30] and scaling in time and the difference
property in [30].

4.2.3 Relations to the KLT

The performance of DCTs and DSTs, particularly important in transform coding,
is associated with the KLT. KLT is an optimal transform for data compression in a
statistical sense because it decorrelates a signal in the transform domain, packs the
most information in a few coefficients, and minimizes mean-square error between the
reconstructed and original signal compared to any other transform. However, KLT is
constructed from the eigenvalues and the corresponding eigenvectors of a covariance
matrix of the data to be transformed; it is signal-dependent, and there is no general
algorithm for its fast computation. There is asymptotic equivalence of the family of
DCTs and DSTs with respect to KLT for a first-order stationary Markov process in
terms of the transform size and the adjacent (interelement) correlation coefficient p.
For finite length data, DCTs and DSTs provide different approximations to KLT, and
the best approximating transform varies with the value of correlation coefficient p.
For example, when p = 1 the KLT is reduced to DCT-II (DCT-III) [16, 17, 30], for
p = 0 the KLT is reduced to DST-1 [7, 17, 18], and for p = —1 it is reduced to
DST-II (DST-III) [19]. On the other hand, if the transform size N increases (i.e., N
tends to infinity), it can be shown that KLT is reduced to DCT-I or DCT-IV [30]. This
asymptotic behavior implies that DCTs and DSTs can be used as substitutes for KLT
of certain random processes.

In general, there are several characteristics that are desirable in a transform when
it is used for the purpose of data compression [36]:
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» Data decorrelation: The ideal transform completely decorrelates the data in a
sequence/block; i.e., it packs the most amount of energy in the fewest number of
coefficients. In this way, many coefficients can be discarded after quantization
and prior to encoding. It is important to note that the transform operation itself
does not achieve any compression. It aims at decorrelating the original data and
compacting a large fraction of the signal energy into relatively few transform
coefficients.

* Data-independent basis functions: Owing to the large statistical variations
among data, the optimum transform usually depends on the data, and finding
the basis functions of such transform is a computationally intensive task. This
is particularly a problem if the data blocks are highly nonstationary, which
necessitates the use of more than one set of basis functions to achieve high
decorrelation. Therefore, it is desirable to trade optimum performance for a
transform whose basis functions are data-independent.

» Fastimplementation: The number of operations required for an n#-point trans-
form is generally of the order O(n?). Some transforms have fast implementa-
tions, which reduce the number of operations to O(nlogn). For a separable
n x n 2-D transform, performing the row and column 1-D transforms succes-
sively reduces the number of operations from Om*) to ©O(2n? logn).

Among the family of DCTs and DSTs, the performance of DCT-II is closest to
the statistically optimal KLT based on a number of performance criteria (variance
distribution, energy packing efficiency, residual correlation, rate distortion, and max-
imum reducible bits and generalized Wiener filtering) [30]. The importance of DCT-
II is further accentuated by its superiority in bandwidth compression (redundancy
reduction) of a wide range of signals and by existence of fast algorithms for its im-
plementation. Owing to powerful performance in the bit-rate reduction, DCT-II and
its inversion, DCT-III, have been employed in the international image/video coding
standards: JPEG for compression of still images, MPEG for compression of motion
video including HDTV (High Definition Television), H.261 for compression of video
telephony and teleconferencing, and H.263 for visual communication over ordinary
telephone lines [31].

4.3 A Unified Fast Computation of DCTs and DSTs

The DCT and DST matrices defined in Section 4.2 are orthonormal. The normal-
ization factor o/(2/N) in the forward and the inverse transforms can be merged as
2/N and moved to the forward transform. By merging these normalization factors
the family of DCT and DST matrices are orthogonal. Without loss of generality, in
this section orthogonal DCT and DST matrices will be considered.

A unified fast computation of even types of DCT (DCT-1, -II, -III, -IV) and DST
(DST-I, -1, -III, -IV) is based on a universal computational structure both for DCT-

© 2001 CRC Press LLC



II/DST-II and DCT-III/DST-III computation [26]. This DCT-II/DST-II (DCT-III/
DST-III) universal computational structure is used as the basic computational unit (a
potential DCT/DST processor) in fast algorithms defined by sparse matrix factoriza-
tions. The fast algorithms are simple, numerically stable and efficient. For each type
of the DCT and DST computation, the corresponding regular generalized signal flow
graph is shown. Generalized signal flow graphs are enabled to realize computation
of given DCT and DST for any N = 2™, m > 0 (N being the length of the data
sequence). The unified fast computation of DCTs and DSTs provides simple and
compact transform building blocks. Finally, computer programs for each even type
of the DCT and DST computation are presented.

4.3.1 Definitions of Even-Odd Matrices
Even-Odd Transform Matrix

Ay = 1 for J odd , 4.7

where [y is the identity matrix. Blanks in the even-odd transform matrix Eq. (4.7)
represent null submatrices and

0 0 0 0 1
0 0 0 1 0
) 0 0 1 0 0
In=1| 0 1 0 0 0 (4.8)
1 - 0 0 0 0 |

is the reflection matrix. The orthogonal even-odd transform matrix Eq. (4.7) converts
data sequences into their symmetric (even) and anti-symmetric (odd) parts.

Even-Odd Permutation Matrices

1 0 0 0 O 0 0 07
0O 0 1 0 O 0 0 0
0O 0 0 0 1 0O 0 0
0O 0 0O 0 o0 0O 1 0

P; = 0o 0 0 0 0 0o o0 1 for J even, (4.93)

0O 0 O 0 O 1 0 0
O 0 O 1 o0 0O 0 0

L0 1 0 0 0 0 0 |
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"1 0 0 0 0 0 0 0]
00 1 0 0 0 0 0
0 0 0 0 1 0 0 0
Pi=1 0 0 0 0 0 .. 0 o 1 | forJ odd. (4.9b)
0 0 0 0 0 0o 1 0
010 0 0 -+ 0 0 0|

The permutation matrix P, reorders the data sequence such that the first half of even-
numbered data is arranged in the natural order, while the last half of odd-numbered
data is arranged in the reversed order.

4.3.2 DCT-II/DST-II and DCT-ITI/DST-IIT Computation
The DCT-II for a given data sequence {x,}, n =0, 1,..., N — 1 is defined as [8]

S AR N

1 2 A, cos |:7'r(2n + Dk
n=0

] k=0,1,....,N—1 (4.10)

and the inverse DCT-II (DCT-III) is defined by

Nl 7(2n + Dk
Xy = € coS| ——
n Kkl N

] n=01,....N—1, @.11)
k=0

where

1 _
1 otherwise.

DCT-II and its inverse, DCT-III, given by Egs. (4.10) and (4.11), respectively, can be
rewritten as [23]

11 ¢ Nl - w(4n + Dk
iy = Xy COS T

], k=0,1,....N—1, 4.12)

N-1
4 Dk
F = GkZiICOS[%}, n=0,1,....N—1, (4.13)
k=0
where
Xp = Xon
- N
XN—n—1 = X2n+1, n=0,1,...,5—1. 4.14)
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The reordering in Eq. (4.14) corresponds to the permutation matrix Py given by
Eq. (4.9a) applied to the input data vector.
LetC ,’VI be the N x N orthogonal DCT-II matrix. Then a reordered DCT-II matrix

CA‘II\: with permuted rows and columns is given by
ALl 11
Cy =Ry Cy [PN]", (4.15)

where Ry is the bit reversal permutation matrix and [Py]T is the transpose of the
permutation matrix Py . A fast, recursive algorithm for DCT-II (DCT-III) computation
with a regular structure is based on a block matrix factorization of the reordered DCT-
I matrix C ,[\f . The reordered DCT-II matrix C 11\: has a recursive structure; higher order
matrices can be generated from lower order ones, and its block matrix factorization
has the following form [28, 30]

. N N . .
where K yisan 3 X 3 matrix given by

K

9=

=RNyLn~NRnN, “4.17)
Z 2 2

where Ry is the bit reversal permutation matrix, L y is the lower triangular matrix
2 2

1 0 0 0 0

-1 2 0 0 0

1 -2 2 0 0
Ly=1 -1 2 2 2 0 |-
-1 2 -2 2 .2

On is the % X % diagonal matrix
2

Q% =diag [cos ],

o= (m+ ) ([ —o1... N (4.18)
m = |m 2 N,m_,,...,2 . .

The block matrix factorization Eq. (4.16) defines Hou’s fast, recursive, and numer-
ically stable algorithm for DCT-II (DCT-III) computation which can be represented
in the matrix form as [23]

oz |7 (4.19)
| N Yo '
z Xy

© 2001 CRC Press LLC



where

~ T

Xp = [x07x2’x49”"xN747 xN72:| )

~ T
Xr = [xN—lst—31xN—57 "-»-x37-xl] ’
11 11

z, =R§ z, ,

N 11

z, = R% z, ,

11 T
z, =[20.22.24, ... 2an—4.IN2] .
11 T
z, =[21.23.25, ..., IN-3. ZN-1] .

where z;[ is the even half and z: is the odd half of the DCT-II transformed sequence
both arranged in the natural order. T denotes transposition.

A regular generalized signal flow graph based on this algorithm for DCT-II and
its inverse, DCT-III, for any N = 2", m > 0 has been described by Britanak [24].
It is shown for N = 16 in Fig. 4.1. Full lines represent transfer factors 41, while
broken lines represent transfer factors —1. O represents addition, | represents mul-
tiplication by cosine coefficients C Z = cos(kdp), ¢n = ”(‘g;\}"l) , and — represents
multiplication by 2. The normalization factor is not included in the signal flow graph.
The generalized signal flow graph consists of two regular parts. The first part is
related to the butterfly structure, and the second one, after bit-reversal permutation,
is mapped into a pipeline structure. This pipeline structure is related to a simple
recurrent relation for any N = 2", m > 0 [24].

The DST-II for a given data sequence {x,}, n =0, 1,..., N — 1 is defined as [9]

N-—1
11 ¢

. |:7r(2n+1)(k+1)
Sy = XpSin| ———M——
N

] k=0,1,....,N—1 (4.20)
2N

n=0

and the inverse DST-II (DST-III) is defined as

Ny G [n(zn + 1k + 1)}
Xy = €Sy sin | ————— |,
= 2N
where
k=N-1
€k = .
1 otherwise.

S

Let CIIVI and SJIVI be orthogonal N x N DCT-II and DST-II matrices, respectively.
According to Wang [20] S,[\: is related to C ]lvl by

Sy =1Iy Cy Dy, (4.22)
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~ is the diagonal odd sign-changing matrix

! 0 0 0]
0 -1 0 0 0
0 0 1 0 0
Dv=10 0 0 -1 0 (4.23)
0 0 0 0 ~1 |

The Dy matrix applied to the input data sequence given by Eq. (4.14) corresponds
to the reordering and sign changes:

Xn = X2n
N

XN—n—1 = — X2n+1, n:O,l,...,?—l. (4.24)

From Eq. (4.22) it follows that the generalized signal flow graph for the DCT-II
computation can also be used for the DST-II computation for any N = 2", m >
0. The output DST-II transformed sequence, after the DCT-II computation for the
input data sequence given by Eq. (4.24), is in reversed order; i.e., the final DST-II
transformed sequence is obtained as

11 11

Sp =iy 14 k=0,1,....N—1. (4.25)

Hence, by the same computational structure, both the DCT-II and DST-II computation
can be effectively realized for any N = 2™, m > 0 simply by changing the input and
output data sequences. Because both DCT-1I and DST-II are orthogonal transforms,
the algorithm for DST-III computation is obtained by transposing of Eq. (4.22). The
generalized signal flow graph for DCT-II/DST-II and their inverse computations, so
called DCT-II/DST-II (DCT-III/DST-III) universal computational structure, is shown
for N = 16in Fig. 4.1. The symbols in brackets correspond to DST-IT (DST-III) com-
putation. DCT-II/DST-II (DCT-III/DST-IIT) universal computational structure [25]
represents the unified DCT-II/DST-II and their inverse computations, DCT-III/DST-
II for any N = 2™, m > 0. The universality of DCT-II/DST-II computational
structure is related to the fact that it can be used as the basic computational unit
for the fast implementation of the entire class of discrete sinusoidal transforms, i.e.,
generalized discrete Fourier transform, generalized discrete Hartley transforms, and
the other types of the DCT and DST, respectively [26, 27]. We note that for fast
computation of other discrete sinusoidal transforms, the bidirectional DCT-II/DST-II
(DCT-II/DST-III) universal computational structure is used without the proper nor-
malization. If DCT-II (DCT-III) or DST-II (DST-III) computation is required, the
proper normalization should be applied to the input and output data sequences.

© 2001 CRC Press LLC



4.3.3 DCT-I and DST-I Computation
DCT-I for a given data sequence {x,}, n =0, 1, ..., N is defined as [5]

1 2 N nk
G= o D entncos| o= |, k=0,1,...,N (4.26)
n=0

and the inverse DCT-I (IDCT-I) is defined by

N I wnk
xnzenZekzkcos 1. n=0,1,....,N, (4.27)
k=0 N

where

L — _
€ = 7 p=0 .or p=N
1 otherwise.

DCT-I and IDCT-I are defined for data sequences of length N + 1. Let CJIV 4 be the

orthogonal DCT-I matrix of order N 4+ 1. Then for N = 2", m > 1, C]IV 41 can be
decomposed into the following recursive matrix form [21]

C) 0
I L]
Cyy1=Prnyi : - - ANyl (4.28)
0 %CN y
2

where Ayy1 and Py4 are matrices given by Eq. (4.7) and Eq. (4.9b), respectively.
C;, " is the DCT-I matrix of order % + 1. The matrix product [ N sz I ¥ denotes
7 7

% X % DCT-III matrix with reversed order for both its rows and columns. The

permutation matrix Py 1 applied to the data vector corresponds to the reordering:

)E():xo

Xn41 = X2n42
N

XN—n = X2n+1, n:O,l,...,E—l. (4.29)

Because CIIV 4 is a symmetric matrix, the algorithms for the DCT-I and IDCT-I
computation are the same except for the normalization. The generalized signal flow

graph for the DCT-I and IDCT-I computation for N + 1 = 17 is shown in Fig. 4.2.
Here o = \/LE’ and the normalization factor is again not incl uded in thesignal flow

graph.
The DST-I for a given data sequence {x,}, n =0, 1,..., N — 2 is defined as [7]
N-2
2 Dk +1
5 = - Z;)xnsin[wy k=0,1,....N—2,  (430)
n=»
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DCT-I and IDCT-I generalized signal flow graph for N + 1 = 17. ©Slovak
Academic Press Ltd.

and the inverse DST-I (IDST-I) is defined by

n=0,1,...,N-2.

N-2
=Y slsin [w} , 4.31)

N

DST-I and IDST-I are defined for data sequences of length N — 1. Let S]Iv_1 be the

orthogonal DST-I matrix of order N — 1. Then for N = 2", m > 1, Sjlv_1 can be
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decomposed into the following recursive matrix form [21]

~
~

I

Sy 0
Sya=Pya| >, An_1, (4.32)
0 I%_ISN 1I¥—1
N

111 . . . = 1 =
where S isthe % X % DST-III matrix. The matrix product Iy _; Sy . Iy _, denotes
> 2 7 2
the DST-I matrix of order % — 1 with reversed order for both its rows and columns.
The permutation matrix Py_1 applied to the data vector corresponds to the reordering

X0 = Xo

Xn4l = X2n42
N

INan =xmgr n=01.., 2 2. (4.33)

Because S,I\,f1 is a symmetric matrix, the algorithms for the DST-I and IDST-I are the
same except for the normalization. The generalized signal flow graph for the DST-I
and IDST-I computation for N — 1 = 15 is shown in Fig. 4.3. The normalization
factor is not included in the signal flow graph.

4.3.4 DCT-IV/DST-IV Computation
The DCT-IV for a given data sequence {x,},n =0, 1,..., N — 1 is defined as [1]

w2 A 72n + D)2k + 1)
= COS
4N

] k=0,1,....,N—1 (4.34)

and the inverse DCT-IV (IDCT-1V) is defined by

N |:7r(2n+1)(2k+1)i|
Xy = Zp COS AN ,

k=0

n=01...,N—1. (4.35)

Let C) be the orthogonal N x N DCT-IV matrix. Then for N = 2™, m > 1, Cy
can be decomposed into the following sparse matrix product [22]

111
cl 0
v 7

Cy =1y Py By, (4.36)

NS
2

11 =

(=)

RS
0=

where C ;,” is the % X % DCT-III matrix. The matrix product Iy § ;,”I_ ~ denotes
5 2 5 2

2
% X % DST-III matrix with reversed order for both its rows and columns. Ty is the
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rotation matrix given by
[ cos g sin 7
(N—Dn . (N—Dn
Ccos AN Sin AN
Ty = (4.37)
sin —(NZI\})” —cos —(N;A})”
| sin gy —COS 77
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and By is the tridiagonal matrix given by

10 0 0 0
0O 1 -1 0 - 0
o 1 1 0 - 0

By=| : e (4.38)
0O -~ 0 1 -1 0
0O -~ 0 1 1 0
0 -~ 0 0 0 1|

As can be seen, the decomposition of the matrix CIIVV depends on the DCT-III and

DST-III matrices of half size. Because CZIVV is a symmetric matrix, the algorithms
for the DCT-IV and IDCT-IV computation are the same except for the normalization.
The generalized signal flow graph for the DCT-IV and IDCT-IV computation for
N = 16 is shown in Fig. 4.4. The normalization factor is not included in the signal
flow graph. The matrix product Py By can be realized by one butterfly stage in the
generalized signal flow graph.

The DST-1V for a given data sequence {x,},n =0, 1,..., N — 1 is defined as [1]

N-—1
2 2+ 1)(2k + 1
s = 2N g [T D@RED N o N—1, 439
N 4N
n=0
and the inverse DST-IV (IDST-1V) is defined by
N—1
2+ 1)(2k + 1
o= s i | TELE D@ DY o N1 440
r 4N

Let C ZIVV and S/IVV be the N x N DCT-IV and DST-IV matrices, respectively. The
matrix SIIVV is related to CIIVV by [21]
Sy =Iy Cy Dy . (4.41)
Because S,’VV is also a symmetric matrix, the algorithms for the DST-IV and IDST-IV
computation are the same except for the normalization. From relation Eq. (4.41) it
follows that the generalized signal flow graph for the DCT-IV computation can be
also used for the DST-IV computation by changing only the input and output data
sequences. The output DST-IV transformed sequence, after the DCT-IV computation
for the input data sequence given by Eq. (4.24), is order reversed; the final DST-IV
transformed data sequence is obtained as
v 1v

S =Iy_i1—x» k=0,1,...,N—1. (4.42)
The generalized signal flow graph for the DCT-IV/DST-IV and IDCT-IV/IDST-1V
computation for N = 16 is shown in Fig. 4.4, where the symbols in brackets cor-
respond to DST-IV/IDST-IV computation. This generalized signal flow graph rep-
resents the unified DCT-IV/DST-IV and their inverse computations for any N =
2™ m > 0.
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DCT-IV/DST-IV and IDCT-IV/IDST-IV generalized signal flow graph for N =
16. ©Slovak Academic Press Ltd.

4.3.5 Implementation of the Unified Fast Computation of DCTs and
DSTs
All developed algorithms have been implemented in the C language, and they

can be used in practical applications. Implemented algorithms are able to compute
the DCT/DST orthogonal transform of a given type for real data sequence up to
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size 1024. By minor modification (macro SIZE and LOG2SIZE) in program modules,
any DCT/DST can be computed for the required size. In the implementation of DCT-
II/DST-II (DCT-III/DST-III) universal computational structure, the normalization is
optional. All computations are performed in double precision.

The orthonormal versions of the DCT and DST have the normalization factor
+/2/N in both the forward and inverse transforms. Therefore, for the computation of
orthonormal DCTs and DSTs, the implemented algorithms can be easily modified.

Computer Program for the Fast DCT-II/DST-II and DCT-III/DST-IIT Compu-
tation

K e e e e e e e e e e e e e e e e e e e e *
*Module: The 1-D Fast Discrete Cosine II and III *
* Transform (DCT) and Discrete Sine II *
* and III Transform (DST) *
* *
*Algorithm: DCT/DST universal computational *
* structure for the 1-D DCT-II/DST-II and *
* DCT-III/DST-III Transform Computation *
* *
*Note that the DCT/DST universal computational *
*structure in algorithms for discrete sinusoidal *
*transforms computation is used without the *
*normalization. This module simulates a potential *

*

*DCT/DST processor.
K o e e e e e = */
/*--- Prototypes to be included in calling program---*/
int dct processor (

double *pdct, /* input/output vector of length 2**m */

int m, /* m = log 2 (N)
E.g. for N = 256 --> m = 8 * /
int norm, /* norm = 0 normalization is disabled
norm != 0 normalization is enabled */
int flag); /* Transform computation:
flag = 1 1-D DCT-II
flag = -1 1-D DCT-III
flag = 2 1-D DST-II
flag = -2 1-D DST-III */

/* NOTE: Function returns into calling program
following value:
0 - successful processing

-1 - invalid length of input vector or

invalid type transform computation */
[ e Includes -------—-—-—-—--—-—---"-"-———-—-—~ */
#include <math.h>
J e e Defines -------------—--~-~-~—~—~—-~ */
#define SIZE 1024 /* max length 1024 */
#define LOG2SIZE 10 /* log 2 (SIZE) */
#define PI 3.141592653589793 /* pi */
#define  DCT II 1
#define  DCT III -1
AR T Local Variables ------------------ */
static double ac [SIZE]; /* working vector */

static double cs [SIZE-1];/*table of cos coefficients*/
static int length;
/* --- Beginning of the DCT/DST processor module ---*/
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int dct processor (double *pdct, int m, int norm,
int flag)

int i,j,k,n,nl,n2,r,s,£0,£f1,£2,£3,1ip,ic,half,h base;
double arg, fi, scale, tmp, *pcl, *pc2, *pac = &ac [0];
/* Verification of the input vector length (SIZE) */
if (m<1 || m > LOG2SIZE )
return (-1);
/* Verification of the transform type computation */
if ( flag < -2 || flag == 0 || flag > 2 )
return (-1);
/* Initialize input vector length and variables */
n

= 1 << m;
nl =n - 1;
n2 =n >> 1;

/* Generate the table of cosine coefficients Table
is updated for new value of N */
if ( length != n )

scale = 1.0 / (double) (n << 1);
for ( s = base = 0; 8 < m; s++, base += ip )
half = n >> s;
ip = half >> 1;
ic = n / half;
arg = (double) ic * PI * scale;
for (i = 0; i < ip; i++ )
fi = (double) (4 * 1 + 1) * arg;
} cs [base+i] = cos (fi);
length = n;

/* Test type of computation - Forward or Inverse
transform */

if ( flag < 0 )
goto inv;

*
/* Reordering of the original input data sequence */

for (i = 0; i < n2; i++ )
*(pac + i) = *(pdct + 2 * 1i);
if ( flag == DCT II )
*(pac + n - 1 - i) = *(pdet + 2 * 1 + 1);
else
*(pac + n - 1 - i) = - *(pdct + 2 * 1 + 1);

/* Implementation of the butterfly structure */

for ( s = base = 0; s < m; s++, base += ip )
half = n >> s;
ip = half >> 1;
for (j = 0; J < ip; J++ )
for (i = 3j; i < n; 1 += half )
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}

pcl = pac + 1i;

pc2 = pcl + ip;

tmp = *pcl + *pc2;

*pc2 = (*pcl *pc2) * cs [base+jl;
*pcl = tmp;

/* Bit reversal permutation */

for (i =1; i < nl; i++ )
for (k=3 =0, r=1; k < m; k++ )
=1r >> 1;

j=3+3j+r-s8-s;
r = §;

b

if (1< 3 )
tmp * (pac + 1)

* (pac + 1)
* (pac + 3j)

}

/* Implementation of

(

if m > 1
{

£0
f1
£2
£3

for

)

* (pac + j);
tmp;

the pipeline structure */

0; 1 <m - i++ )
n/ (1 << 1i);

fo >> 1;

f1l >> 1;

((1 << 1) 1) << 1;

3 1; j <= f£2; j++

1;

(

ip
ic

fo - 3J;
f1 - 3;
pcl pac + ip;
pc2 pac + ic;
*pcl += *pcl

(

*pc2;
k <=

The normalization of the transformed data sequence.
If DCT-II/DST-II transform is required, then parameter

0.

norm
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if ( norm )

scale = 2.0 / (double) n;
*pac *= 1.0 / sqgrt (2.0);
for (i =0; i < n; i++ )

* (pac + 1) *= scale;

/* Reverse order of the data sequence for DST-II */

if ( flag == DCT_II )
for (1 = 0; 1 < n; 1++ )
* (pdct + 1) = *(pac + 1);
else
for (i =0; i < n; i++ )
*(pdect + 1) = *(pac + n - 1 - 1i);
return (0) ;
/*

_____ THE_1-D_FAST DCT_III OR _DST-III TRANSFORM_ ____
*/ ___________________________________________________
inv:

/* Reverse order of the data sequence for DST-III */

if ( flag == DCT III )
for (1 = 0; 1 < n; 1i++ )
*(pac + i) = *(pdct + 1i);
else
for (i =0; i < n; i++ )
/ *(pac + n - 1 - i) = *(pdct + 1i);

K e e e e e e e e e e ———— o — — — — — —

The normalization of the DC term. If DCT-III/DST-III

transform is required, then parameter norm != 0. The

block is not used for other discrete sinusoidal
transforms computation. Then norm =

if ( norm )

*pac *= 1.0 / sqgrt (2.0);
/* Implementation of the pipeline structure */
%f (m > 1)

for (1 =m - 2; 1 >= 0; 1i-- )

fo =n / (1 << 1i);

f1 = £0 >> 1;

f2 = £f1 >> 1;

f3 = ((1 << 1) - 1) << 1;

for (j = £2; 3 > 0; j--)
k = £3;
ip = f0 - 7 + k * f1;
ic = f1 - j + k * £1;
pcl = pac + ic;
pc2 = pac + ip;

k__l

ip -= f1;

ic -= f1;

pcl = pac + ic;
pc2 = pac + 1ip;
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*pcl -= *pc2;
*pc2 += *pc2;

}

/* Bit reversal permutation */

for (1 =1; 1 < nl; i++ )
%or (k=3 =0, rr=1; k <m; kt+t+ )
=1r >> 1;

j=3+3+1r -8 -8;
r = 8;

oo

if (1< 3 )
tmp

*(pac + 1i);
*(pac + J);
tmp;

* (pac + 1)
* (pac + 3j)

}

/* Implementation of the butterfly structure */
for (¢ = 0, bagse = n - 2; s < m; s++, base -= half )

half = 1 << (s + 1);
ip = half >> 1;

for (j = 0; j§ < ip; j++ )
for (i=9; 1 <n; i += half )
pcl = pac + 1i;
pc2 = pcl + ip;
tmp = *pc2 * cs [base+jl;
*pc2 = *pcl - tmp;
*pcl = *pcl + tmp;

}

/* Reordering of output samples for DCT-III/DST-III */
for (i = 0; i < n2; i++ )

*(pdct + 2 * 1) = *(pac + 1i);

if ( flag == DCT_III )

*(pdet + 2 * 1 + 1) = *(pac + n - 1 - 1i);
else

*(pdct + 2 * 1 + 1) = - *(pac + n - 1 - 1i);

return (0) ;

Jx-—m - End of the DCT/DST processor module ------- */

Computer Program for the Fast DCT-I Computation

Ko e e e e e e e e e e e e ———— o — — — *
IModule: The 1-D Fast Discrete Cosine I Transform :
*Algorlthm The Forward and Inverse 1-D DCT-I *

Transform Computation *
* *
*Note that the DCT-I matrix of order N + 1 and it is *
*gymmetric. Thus, the forward and inverse transforms *
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*are the same except for the normalization. *

/*--- Prototypes to be included in calling program ---%*/
int fdctild (
double *x, /* input/output vector of length 2**m+1 */
int m, * m = log 2 (N)
E.g. for N = 256 -->m = 8 */
int flag); /* Forward or Inverse DCT-I computation:
flag = 0 Forward 1-D DCT-I

flag = 1 Inverse 1-D DCT-I */
/* ©NOTE: Function returns into calling program
following
value:
0 - successful processing

-1 - invalid length of input vector
JF e e e e - Includes ---------—-————-—-——-~————~—~ */
#include <math.h>
A TR Defines ------------—-—----~—~—~—~-~ */
#define SIZE 1024 /* max length SIZE+1%*/
#define LOG2SIZE 10 /* log 2 (SIZE) */
/* NOTE: Actual transform size is SIZE + 1 */
int dct processor (double *, int, int, int);
AR LT Local Variables ----------------- */

static double y [SIZE+1];

/*working vector of length N+1%*/
VA Beginning of the 1-D Fast DCT-I module------- */
int fdctild (double *x, int m, int flag)

int i,j,n,nl,n2,n3,nc;
double scale, tmp;
/* Verification of the input vector length (SIZE+1)*/

if (m<1 || m > LOG2SIZE )
return (-1);
/* Initialize the input vector length */
n =1 << m;
/* Multiply x[0] and x [n] by 1 / sqgrt(2) */
scale = 1.0 / sgrt (2.0);

x [0] *= scale;
x [n] *= scale;
/* Implementation of generalized signal flow graph */

nl =n >> 1;

n2 = n;

n3 =n << 1;

nc =m - 1;
e}

/* Butterflies for even-odd transform matrix A(N) */

for i =0; 1 < nl; i++ )
tmp = x [1i];
x [1i ] = tmp + x [n2 - 1i];
x [n2 - i] = tmp - x [n2 - i];

/* Reverse order of the input data sequence */

for (i =nl +1, j =1+ nl - 1; 1i < j; i++, Jj-- )
tmp x [1];
x [1] x [3]1;
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x [j] = tmp;

/* Compute the DCT-III transform */
dct_processor (&x [nl+1],nc,0,-1);
/* Reverse order of the transformed data sequence */

for (i =nl +1, j =1 +nl - 1; i < j; 1i++, j--)
tmp = x [i];
x [1] = x [3);
x [j] = tmp;
nl >>= 1;
n2 >>= 1;
nc--;
/* The last butterfly - 2x2 transform matrix */
if ((n2 == 1)
tmp = x [0];
x [0] = tmp + x [1];
x [1] = tmp - x [1];

while ( n2 > 1 );

/* Reorder data sequence by permutation matrix P(N) */
n2 = 2;
nl = n2 >> 1;

?O

for (i =0; 1 < n2 + 1; i++ )
y [1] = x [i];
%or (i =0; 1 < nl; i++ )
x [2*1 +2] =y [1+11;
| x [2 *1 + 1] =y [n2 - 1]1;
n2 <<= 1;
nl <<= 1;

while ( n2 < n3 );
/* Multiply x[0] and x [n] by 1 / sqrt(2) */
x [0] *= scale;
x [n] *= scale;
/* Normalization of the transformed data sequence */

if ( !flag )
scale = 2.0 / (double) n;
for (i =0; 1 <n + 1; i++ )
x [i] *= scale;
return (0) ;
AR e End of the 1-D Fast DCT-I module-------- */

Computer Program for the Fast DST-I Computation

e *
:Module: The 1-D Fast Discrete Sine I Transform x
*Algorithm: The Forward and Inverse 1-D DST-I *
* *

Transform Computation
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* *

*Note that the DST-I matrix of order N - 1 and it is *
*symmetric. Thus, the forward and inverse transforms *

*are the same except for the normalization. */
K o e e e e e e e e ————— o *
/*--- Prototypes to be included in calling program ---%*/

int fdstild (
double *x, /* input/output vector of length 2**m-1 */
int m, /* m = log 2 (N)
E.g. for N = 256 -->m = 8 */
int flag); /* Forward or Inverse DST-I computation:
flag = 0 Forward 1-D DST-I

flag = 1 Inverse 1-D DST-I */
/*NOTE: Function returns into calling program following
value:
0 - successful processing
-1 - invalid length of input vector
A et Defines ------------------------- * /
#define SIZE 1024 /* max length SIZE-1%/
#define  LOG2SIZE 10 /* log 2 (SIZE) */
/* NOTE: Actual transform size is SIZE - 1 */
1nt dct _processor (double *, int, int, int);
————————————————— Local Variables ------------------%/

static double y [SIZE-1];

/* working vector of length N- 1*/
VAT Beginning of the 1-D Fast DST-I module-------
int fdstild (double *x, int m, int flag)

int i,j,n,nl,n2,nb,nc;
double scale, tmp;
/* Verification of the input vector length (SIZE-1)*/

if (m<2 || m > LOG2SIZE )
return (-1);

/* Trivial case m = 1 */

if (m == 1)

return (0);
/* Initialize the input vector length */

n =1 << m;
/* Implementation of generalized signal flow graph */
nl =n >> 1;
n2 = n;
nc =m - 1;
nb = 0;
while ( n2 > 2 )
/* Butterflies for even-odd transform matrix A(N) */
if (n == n2 )
for (1 =0; 1 <nl - 1; i++ )

tmp = x [1i];

x [1 ] =tmp + x [n -2 - 1i];

X n-2-41i] = tmp - x [n - 2 - i];

/* Butterflies for even-odd transform matrix A (N)
with reversed order of its columns */

else ) ) )
for (1 =0; 1 < nl - 1; 1i++ )

{
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tmp = x [nb + 1]1;
x [nb + 1 ] =x[n -2 - 1i] + tmp;
Xx [n-2-1] = x [n - 2 - i] - tmp;

/* Compute the DST-III transform */
dct processor (&x [nb],nc,0,-2);
n2 >>= 1;
nl >>= 1;
nb += (1 << nc);

/* Reorder of data sequence by permutation matrix P (N)*/

n2 = 2;
nc = 1;
nob=n - 2 - (1 << nc);
?hile (n2 < n)
for (i =nb; i <n - 1; i++ )
y [1] = x [i];
Eor (i =0; 1 <n2 - 1; i++ )
x [nb + 2 * 1 + 2] =y [nb + 1 + 171;
X nb+2*1i+ 1] =y [n -2 - 11;

/* Reverse order of the permuted data sequence */

if (nb != 0 )
for (i =mnb, j =n - 2; 1 < j; i++, j-- )
tmp = x [i];
X [i] =x [3];
x [j] = tmp;
n2 <<= 1;
nc++;
nb -= (1 << nc);

/* Normalization of the transformed data sequence */

if ( !flag )
scale = 2.0 / (double) n;
for (1 =0; 1 <n - 1; i++ )
} x [i] *= scale;
return (0);
YA End of the 1-D Fast DST-I module--------- */

K o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = = *
*Module: The 1-D Fast Discrete Cosine IV and *
: Discrete Sine IV Transform :

*Algorithm: The Forward and Inverse 1-D DCT-IV/DST- IV*
* Transform Computation

* *
*Note that the DCT-IV and DST-IV matrices are *
*gymmetric. Thus, the forward and inverse transforms *
*are the same except for the normalization. */
K e e e e e e e e e e e ——— o — — — *
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/* -

Prototypes to be included in calling program --*/

int fdcstivild (
double *x, /* input/output vector of length 2%**m */
int m, /* log 2 vector length
Elg. N = 256 -->m = 8 */
int flag); /* Forward or Inverse DCT-IV/DST-IV
computation:
flag = 1 Forward 1-D DCT-IV
flag = -1 1Inverse 1-D DCT-IV
flag = 2 Forward 1-D DST-IV
flag = -2 Inverse 1-D DST-IV */
/* NOTE: Function returns into calling program
following
value:
0 - successful processing
-1 - invalid length of input vector
invalid type transform computation */
Y Includes --------—-—-—-—-—---—————~ */
#include <math.h>
J A e e R R Defines --------------—--—--—--- * /
#define SIZE 1024 /* max length 1024 */
#define LOG2SIZE 10 /* log 2 (SIZE) */
#define PI 3.141592653589793 /*_pi */
int dct processor (double *, int, int, int);
[* oo Local Variables ----------------- */
static double y [SIZE]; /* working vector of length N */
static double as [SIZE/2];/* table of sine wvalues */
static double cc [SIZE/2];
/* table of cosine+sine values*/
static double ss [SIZE/2];
/* table of sine-cosine wvalues*/
static int length;
/*-- Beginning of the 1-D Fast DCT-IV/DST-IV module --%*/
%nt fdcstivld (double *x, int m, int flag)
int i,j,n,n2,n4;
double arg,dev,argc,args, scale, tmp;
/* Verification of the input vector length (SIZE) */
if (m<1 || m > LOG2SIZE )
return (-1);
/* Verification of the type transform computation */
if ( flag < -2 || flag == 0 || flag > 2 )
return (-1);
/* Initialize the input vector length and variables */
n =1 << m;
n2 =n >> 1;
n4d =n >> 2;
/* Generate tables of sines and cosines for rotation
matrix R(N). Table is updated for new value of N */
%f ( length !=n )
arg = PI / (double) (n << 2);
dev = PI / (double) (n << 1);
for (i =0; 1 < n2; i++, arg += dev )
argc = cos (arg);
args = sin (arg);
as [i] = args;
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argc + args;
args - argc;

length = n;

/* Reordering of data sequence by permutation matrix
P(N). For DST-IV computation odd-numbered samples
are sign-changed */

for (1 = 0; 1 < n2; 1i++ )
y [i]1 = x [2 * i];
if ( flag == 1 || flag == -1 )
y [n -1 - 1] = x [2 * 1 + 17;
else
y [n-1-1i] = - x [2 * 1 + 1];

/* Butterflies corresponding to the matrix product
P(N) B(N) */
for (1 = 1; i < n2; i++ )

tmp
y [1i ]
y [n - 1]

y [n - 1] -y [1i];
y [n - 1] + y [1i];
tmp;

/* Get DCT-III transform of the first n/2 samples */
dct_processor (&y [0],m-1,0,-1);
/* Reverse order of the last n/2 samples */

for (i =n2, j=n-1; i< j; i++, j--)
tmp =y [i];
y [1] =y [3];
y [§] = tmp;

/* Get the DST-III of the last n/2 samples */
dct processor (&y [n2],m-1,0,-2);
/* Reverse order of the last n/2 samples */

for (i =n2, j =n-1; i < J; 1i++, 3--)
tmp =y [i];
y [1] =y [3];
y [J] = tmp;
/* Butterflies for the rotation matrix T(N) */
for (i = 0; 1 < n2; i++ )
tmp = (y [1] -y [n - 1 - 11) * as [i]l;
x [1i] =y [i] * cc [i] - tmp;
X n-1-1i] =y [n - 1 - 1] * ss [i] + tmp;

/* DST-IV computation -
reverse order of data sequence */

if ( flag == || flag == -2 )
for (i =0, j=n-1; 1< Jj; i++, j--)
tmp = x [i];
x [1] = x [J];
x [j] = tmp;
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/* Normalization of the transformed data sequence */
if ( flag > 0 )

scale = 2.0 / (double) n;
for (i =0; 1 < n; i++ )
x [i] *= scale;
} return (0) ;
/*---- End of the 1-D Fast DCT-IV/DST-IV module ----%*/
I

4.4 The 2-D DCT/DST Universal Computational Structure

Section 4.3 presented fast algorithms for 1-D computation of a given type of
DCT/DST (1, 11, III, IV) together with their implementations. For digital image pro-
cessing applications, the fast 2-D algorithms are more significant than 1-D ones. For
simplicity, in this section DCT and DST refer to types II and III only. The 2-D DCT
and its inverse are used as the basic processing elements in international image/video
coding standards [31].

Generally, there are two approaches to computation of the 2-D DCT: indirect and
direct. In the indirect approach, the 2-D DCT computation can be realized via other
2-D discrete orthogonal transforms, such as the discrete Fourier transform or the
Walsh—Hadamard transform [30]. There are two methods of direct approach which is
based on direct 2-D DCT computation. The first, a so called row-column method, is
based on the separability property of the 2-D DCT kernel, which sequentially uses any
fast 1-D DCT algorithm on rows and columns of the input data matrix. The second is a
vector radix method which uses a 2-D decomposition process. An algorithm obtained
by this method outperforms the conventional row-column method in computational
efficiency and works directly on 2-D data sets.

In this section, a generalized signal flow graph, the 2-D DCT/DST universal compu-
tational structure, is described. It represents a unified approach to the direct 2-D DCT
and 2-D DST computation and their inverses for any square block of size 2™ x 2™.
The computer program implementing the direct 2-D DCT/DST is also presented.

4.4.1 The Fast Direct 2-D DCT/DST Computation

The 2-D DCT for an N x N input data matrix {x,, ,}, m,n =0,1,..., N —11is
defined by the following relation [30]

N-1N-1
depe; 7(2m + Dk 7(2n + 1)l
Zk,l = N2 mz_o l;) xm,n COS [T COS T . (443)

k,1=0,1,...,N—1,
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and the inverse 2-D DCT (2-D IDCT)

N—1N-1
7(2m + 1k 7(2n + 1)l
Xmapn = ,;) 2 €k€IZk,1 COS |: N :| cos |: N :| , (4.44)

mn=0,1,...,N—1,

E,,zi

and N is assumed to be an integer power of 2. The corresponding 2-D DST is defined
by

where

p=0

~ k-

otherwise

e N‘”Vi o [T DG A+ DA+ D)
Skl = N2 m.n 2N 2N ’
m=0 n=0
k1=0,1,...,N—1, (4.45)
and the inverse 2-D DST (2-D IDST)
o Ni”‘lees o [TCm A DE D] A+ DD
mmn £t £ k€I1Sk,1 N N s
mn=0,1,...,N—1, (4.46)

where

1
€p = { V2 p= N._ L,
1 otherwise.

The recursive 1-D DCT/DST algorithm and its corresponding generalized signal flow
graph with regular structure for any value of N = 2" (1-D DCT/DST universal
computational structure) enable the formulation by the vector radix method of direct
2-D DCT/DST fast, recursive algorithm that possesses a regular structure for any
N x N block size. By extension of reordering Eq. (4.14) to a 2-D case, the 2-D DCT
and 2-D IDCT defined by Eqgs. (4.43) and (4.44), respectively, can be rewritten in the
following form [30]

N—-1N-1
4eer s 7 (4m + Dk (4n + 1)l
ki = N3 20, onm,ncos[ AN ]cos[ AN ] , (4.47)
m=u n=

k,1=0,1,...,N—1,
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N—1N-1

- m(dm + Dk w(4n + 1)l
Xmon = ; ; €KEIZL,I cos|: N }cos[ N j| , (4.48)

m,n=01,...,N—1,

where

Xm,n = X2m,2n

Xin,N—n—1 = X2m,2n+1

iN—m—l,n = X2m+1,2n (4.49)
- N
XN-m—1,N-n—1 = Xom+1,2n41, m,n=0,1,..., > 1.

By reordering Eq. (4.49) an N x N input data matrix X is decomposed into four % X %
submatrices, as even-even, even-odd, odd-even, and odd-odd indexed elements. After
reordering the input data and output transform matrix, a fast recursive algorithm for

direct N x N 2-D DCT/DST computation is given in matrix form as [28]

2ee ipp
ieo A A ipr
. =(Cv®CN)| , (4.50)
Zoe Xrp
Zyo Xrr

where

2. =(R®R) z,, iez[%ee i|, zez[zee i|,

Zeo Zeo
A N Zoe Zoe
Z,=(R®R) z,, zo=|:2 :|, zo:|:z :|,
00 00
Xpp
~ X
X = Pr =(PyvQ® Py) x.
Xp
Xrr

® denotes the Kronecker matrix product. z, and z, are vectors consisting of trans-
posed even and odd row vectors of the output transform matrix, both of which are
arranged in the natural order, respectively. x denotes the vector consisting of trans-
posed row vectors of the input data matrix. The direct product R ® R performs
2-D bit reversal permutation, and Py ® Py performs 2-D rearrangement defined by
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Eq. (4.49). For clarity of Eq. (4.50), an example for N = 4 is shown

<00 X00
202 X02
201 X03
203 X01
220 X20
222 X22
221 X23
23 o x21
—— |=(Gvty)| —-
210 X30
212 X32
<11 X33
<13 X31
230 X10
132 X12
231 X13
| 733 L X1

Substituting the block matrix factorization of the DCT matrix Cy Eq. (4.16) into
Eq. (4.50) and using properties of the Kronecker matrix product the direct, fast and
recursive 2-D DCT/DST algorithm is developed [28]

éN®éN=

]% 0 ]% 0 é% 0 é% 0

o kv |®| 0 Ku o ¢y |®] 0 e
2 2 2 2

1 0 I% 0 I% I% I% I%

0 Ow @1 0 Own Iy —In ® In —Iy ’
2 2 2 2 2 2

4.51)

=

where K ¥ and Q’;’ are 2 matrlces given by Eqgs. (4.17) and (4.18), respectively.

From Eq. (4 22) it follows that by this algorithm the direct 2-D DST computation can
be realized merely by sign changes on the input data matrix (direct product Dy ® Dy )
and after the 2-D DCT computation, reversing order along both rows and columns of
the output transformed DCT data matrix (direct product In ®Iy).

The detailed analysis of the intrinsic structure of the algorithm given by Eqs. (4.50)
and (4.51) results in a highly regular 2-D DCT/DST generalized signal flow graph,
the 2-D DCT/DST universal computational structure, representing the unified di-
rect 2-D DCT and 2-D DST computation and their inverses for any N x N block
size [29]. It is shown for a 16 x 16 block in Fig. 4.6. The 2-D DCT/DST univer-
sal computational structure consists of two regular parts. The first part is related to

© 2001 CRC Press LLC



2> %.H o
(z=""5)"z o< < < A
o
1, _ ¥iQ) ¥l « < mo
(‘z="5)"z < <
(z="s)"z -~ < A O
" 0.
AmN - N_mv ﬁN A 8
A?N - :mv :N A A O
o)
(z="5)"z <
o)
9 6Q) 6 P =y
(z="%)z < = A O
Ly 8, 8 m M
(fz=%)*% m.
a=1
(Cz='5)z m A—O
B o
W 8
(z=")°z A m.
' B
"z =%)z AOcr
0
("z="s)"z :
(“z="%%)%z T A0
AQN = va NN K
(t'z="s)'z A
e
('z=%) %z

%)
%0
%)
%)
%)
()
“x()
“x()

iy

FIGURE 4.5

1-D DCT/DST universal computational structure for N = 16. ©Springer—Verlag

London Ltd.

© 2001 CRC Press LLC



s AT bl QT o8 AT 5L G SA AT ol AT ey AT ol AT o AL
(z="5)"z o—<0 «—Q < A - xO
\
\ \
(z="5)"z / N - < )/ / < _M_l _ E 5 (9)
v \
N \
= *Ig) £t — —o0 " < A B 5y (-
(z="9% —o T W e 0
\ \
(z="5)"z - // /// 0/ / /z - < —m_l +LIC E L E E o«’% E E x (=)
RANRRY e
Ava:wv Uz > /// / / //// / < A koo - E ‘1ko- - E E o»»»» E E O .< E aNAlv
RN ; e
(z="%)"z / /( N / /, \ / < A m E o’ Ee ko ‘E»» E E o :0. E Y0
> A\
q v € T T
Cz=9% Z Eiﬂ»»ﬁiu eAfad] %..: k- *x ()
e 0.
< |
(= g o E- N F e ©
o' o g il = -
9\ O =% 5:.»...—..' o
(z="%)"z o g ;‘x x4} 7x
: il
(29 - 8 \ e
> AN I
(z="5)"z Y 1 o’ a0 Lala]si] oao% ra—1}o Ll - *x
bl N
(=% - e - bl - - ER A -
o P\ M
z=%)z - v A J1LHo Labxliib EIEQ\ e} el 'x
, i N ol |
o o e e e Eene -
o)
z="%)"z A "L o’ a1} al—{s1}o [za}a}o e} *x

2-D DCT/DST universal computational structure for 16 x 16 block size.
© 2001 CRC Press LLC

©OSpringer—Verlag London Ltd.

FIGURE 4.6



the 2-D butterfly structure, and the second one, after the 2-D bit reversal permuta-
tion, is mapped into a 2-D pipeline structure. This 2-D pipeline structure can be
represented by a regular computational scheme of the same type for any block size
2™ x 2™ [29]. In order to show a one-to-one relationship between the 2-D DCT/DST
universal computational structure and its 1-D counterpart, for a given N x N block
size it is partitioned into blocks 2-D BiNXN, 2-D TI.NXN, i =1,2,...,log, N
related to the 2-D butterfly structure and the block 2-D V¥*¥ related to the 2-
D pipeline structure. All blocks indicated by BiN , Tl.N , i =1,2,...,log, N
and the block V¥ are defined in the 1-D DCT/DST universal computational struc-
ture (Fig. 4.5). Heavy lines in Fig. 4.6 denote vector operations on rows of the
input data matrix, X; = [X;.0,Xi 2, ... Xi, N—=2, Xi N—1s - -, x,~,3,x,~,1]T and z; =
(20> Zids > 2iN—2,ZiN—1]T fori = 0,1,..., N — 1. The symbols in brackets
correspond to the 2-D DST computation and z = [ z.

Recall that in the international image/video coding standards [31] the 2-D DCT
and its inverse are defined for fixed 8 x 8 blocks as [43]

77 - - _ -
€L€E] 7(2m + Dk w(2n + 1)l
k] = - Z me,,, cos T cos T , (4.52)
m=0n=0 - - L J
k,1=0,1,...,7
7 7 _ - _ .
1 T(2m + Dk 7(2n + 1)l
Xmp = 7 kz_:ogekelzk,l cos ] 16 | cos i T | , (4.53)

m,n=0,1,...,7

The 2-D DCT given by Eq. (4.52) is identical to Eq. (4.43) for N = 8 except for a
scaling factor of 4.

4.4.2 Implementation of the Direct 2-D DCT/DST Computation

The 2-D DCT/DST universal computational structure has been implemented in C. It
can compute 2-D DCT or 2-D DST and their inverses for any square 2" x 2™, m > 0
block size. The cosine coefficients for a given N = 2" are precomputed and stored
in tables. The tables are updated if the program calls for a new value of N. If
a larger block size is required for 2-D DCT/DST computation, then macros SIZE
and LOG2SIZE should be redefined in the program. In the implementation of the
2-D DCT/DST universal computational structure, the normalization is optional. All
computations are performed in double precision.

The transposition of the input data matrix required in Eq. (4.50) and its reordering
given by Eq. (4.49) can be realized simultaneously as follows:

)En,m = X2m,2n
)zn,N—m—l = X2m,2n+1

ianfl,m = X2m+1,2n (4.54)

IN-n—1,Nom—1 = X2mi120+1, m,n=0,1,..., ——1.
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/*

* ok Kk ok ok K ok Ok

*

/*

Module: The 2-D Fast Discrete Cosine/Sine
Transform (2-D DCT/DST Universal
Computational Structure)

Algorithm: The Forward and Inverse 2-D DCT/DST
computation by wvector-radix structured
approach for block sizes N x N, i.e.,
square blocks. N is assumed to be an
integer powers of 2.

--- Prototypes to be included in calling program --

int fdecst2d (

double **x, /* input/output matrix of dimension NxN

int m, /* m = log 2 (N) for N x N block size
e.g., length = 8 ->m = 3

int norm, /* norm = 0 normalization is disabled
norm != 0 normalization is enabled

* ok Kk ok ok K o O

X
~No

*/
*/
*/

int flag); /* Forward or Inverse DCT/DST computation:

1 2-D DCT-II
flag = -1 2-D DCT-III
flag 2 2-D DST-II
flag = -2 2-D DST-III

flag

DECLARATION OF THE INPUT MATRIX: Let N = 8 --> then
m = 3. Input matrix 8x8 must be declared in calling

program as follows:

double block [8*8] /declarations
double *x [8
for (i =0; i < 8; i+4+ )
x [i] = block + i * 8; /pointers to rows
of the block
fdest2d (&x,3,1, 1); / DCT-II computation
fdest2d (&x,3,1,-1); /IDCT-II computation
fdecst2d (&x,3,1, 2); / DST-II computation
) I

fdecst2d (&x,3,1,-2 /IDST-II computation

*/
*/

NOTE: Function returns into calling program following
value:
0 - successful processing
-1 - invalid dimension of input matrix
-2 - invalid transform type
J* e Includes ------------—--—--—--~-—-
#include <math.h>
YA e Defines --------------------
#define SIZE 32 /* max dimension 32x32
##define LOG2SIZE 5 /* log 2 max dimension
#define PI 3.141592653589793 /* pi
#define SQRT2 0.707106781186547 /* sgr (1/2)
#define DCT 1
#define IDCT -1
A Local Variables --------------—--—-
static double ac [SIZE*SIZE]; /* working array
static double *z [SIZE]; /* array of pointers
static int ntab cs = 0;
static double tcl [SIZE-1];

/* tables of cos coefficients

static double tc2 [SIZE*SIZE/3];

st

atic int tabl len = 0;

static int tab2 len = 0;
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/*____

int fdcst2d

Beginning of the Fast 2-D DCT/DST module
(double **x, int m, int norm, int flag)

int i,j,k,n,nl,n2,r,s,t,u,£f0,£f1,£2,£3,ip,ic,half;
int bl,b2;
double arg,fil,fi2, scale, scl, tmp, *ptr, *z1, *z2;
/* Verification of the input matrix dimension
(SIZE x SIZE) */
if (m< 0 || m > LOG2SIZE )
return (-1);
/* Verification of the transform type computation */
if ( flag < -2 || flag == 0 || flag > 2 )
return (-2);
/* Trivial transform if m = 0 */
if (m == )
return (0) ;
/* Initialize input matrix dimension and variables */
n =1 << m;
nl =n - 1;
n2 =n >> 1;
/* Initialize pointers on rows of the input matrix */
for (i =10; 1 < n; i++ )
z [i1] = ac + 1 * n;
/* Compute tables of cosine coefficients for new
value of N */
if ( ntab cs !=n )
bl = b2 = tabl len = tab2 len = 0;
scale = 1.0 / (double) (n << 1);
for (s = ip = 1; s <= m; s++, ip <<= 1)
ic = n >> s;
arg = (double) ip * PI * scale;
%or (i=20; 1 < dic; i++ )
fil = (double) (4 * i + 1) * arg;
tcl [bl+i] = cos (fil);
} tabl len++;
for (i =u=0; 1 < ic; i++, u =1 * ic )
for (J = 0; j < ic; j++ )
fi2 = (double) (4 * j + 1) * arg;
tc2 [b2+u+j] = tcl [bl+i] * cos (fi2);
tab2 len++;
bl += ic;
b2 += ic * ic;
ntab _cs = n;
/* Test type of 2-D DCT/DST computation */
if ( flag < 0 )
goto inv;
/*
THE_2-D_FAST_FORWARD DISCRETE_COSINE/SINE_TRANSFORM
*/
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/* Reordering and transposition of input data matrix

for (1 = 0; i < n2; i++ )
%or (3 =0; 3 <n2; J++ )
z [ 1[4 1 = x [2*i 1 [2*] 1;
z [n-j-11 [n-i-11 = x [2*1i+1] [2*j+1];
%f ( flag == DCT )
z [n-j-1] [1 ] = x [2%1 ] [2%§+1];
z [J ] [n-1i-11 = x [2*i+1] [2*F 1;
lse
V4 [n—j—l] [l ] = -X [2*1 ] [2*j+l],‘
} z [] ] [n-1i-1] = -x [2*i+1] [2*3 1;

/* Implementation of the 2-D butterfly structure

half = n >> s;
ip = half >> 1;
/* Butterflies along rows of the data matrix */
for (1 =0, 21 =z [0]; 1 < n; i++, 2z1 = z [1i] )

for ( j = 0; j < ip; J++ )
for ( k = j; k < n; k += half )

tmp = z1 [k] + z1 [k+ip];
zl [k+ip]l = z1 [k] - zl [k+ip];
zl [k] = tmp;

/* Butterflies between rows of the data matrix */

for ( j =u=0; j < ip; Jj++, u = j*ip )
for (k= j; k < n; k += half )

zl = z [k];

z2 = z [k+ip];

for (i =0; 1 < n; i++ )
tmp = *z1 + *z2;
*Z2++ = *zl1 - *z2;
*z1l++ = tmp;

/* Multiplications by cosine coefficients */

zl = z [k];
z2 = z [k+ip];
for = 0; r < ip; r++ )

(r
%or (t =1r; t <n; t += half )
z1l [t+ip] *= tcl [bl+r];

z2 [t ] *= tcl [bl+j];
z2 [t+ip] *= tc2 [b2+u+r];

bl += ip;
b2 += ip * ip;
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/* The 2-D bit reversal permutation

for (t = 0, 21 = z [0]; t < n; t++, z1 = z [t] )
for (1 =1; 1 < nl; 1i++ )
for (k=3 =0, r=1; k <m; k++ )
s =1 >> 1;
j=3+3+r-s-s8;
r = 8;
if (i< 3)
tmp = z1 [4i];
z1l [i] = z1 [3j];
z1l [j] = tmp;
b .
for (i =1; i < nl; i++ )

Ru-@

ptr =z [1];
z [1] = z [3];
= ptr;

/* Pipelines along rows of the data matrix */

for (i =0; i <m - 1; i++ )
fo =n / (1 << 1);
f1 = £0 >> 1;
f2 = f1 >> 1;
f3 = ((1 << 1) - 1) << 1;
zl = z [0];
for t =0; t <n; t++, z1 = z [t] )

(
for (J =1; j <= £2; j++

ip = £0 - 3;

ic = f1 - 3;

zl [ip] += zl1 [ip] - zl1 [ic];
k = 1;

?hile (k <= £3 )

ip += f1;

ic += f1;

z1l [ip] += 2zl [ip]l - zl1 [ic];
k++;
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/* Pipelines between rows of the data matrix */
for ( j = 1; j <= £2; j++ )

ip = £0 - J;
ic = f1 - j;
z1l = z [ip];
z2 = z [ic];
for (t = 0; t < n; t++, zl++ )
*z1l += *z1 - *Z2++;
k = 1;
while ( k <= £3 )
ip += f1;
ic += f1;
zl = z [ip];
z2 = z [ic];
for (£t = 0; t < n; t++, zl++ )
*z1 += *zl1 - *z2++;
k++;

The normalization of the transformed data sequence.
If DCT-II/DST-II is required, then parameter

norm != 0. The block is not used for other discrete
sinusoidal transforms computation. Then norm = 0. /
____________________________________________________ *
if ( norm )
scale = 4.0 / ((double) n * (double) n);
for (1 = 0, z [0] [0] *= SQRT2; i < n; i++ )
for (J =0; 3 <mn; j++ )
z [1] [j] *= scale;
if (1 ==0 || j ==0)
z [i] [j] *= SQRT2;
}
/* Reverse rows and columns of the transformed data
matrix for the DST ./
for (1 = 0; 1 < n2; i++ )
for ( j = 0; j < n; j++ )
%f ( flag == DCT )
x [] I ] =z [1 1 [ 1;
} x [n-1-j] [n-1-1i] = z [n-1-i] [n-1-31;
Tlse
x [J 10 ] =z [n-1-1i] [n-1-3J];
\ x [n-1-j1 [n-1-i] = z [i 1 [ 1;
return (0) ;
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*/

inv:

/* Reverse rows and columns of the transformed data

matrix for the IDST

________________________________________________ */
for (i = 0; 1 < n2; i++ )
for (J = 0; j < n; j++ )
?f ( flag == IDCT )
z [ 1 [i ] = x [1i 1 03 1
z [n-1-j] [n-1-i] = x [n-1-i] [n-1-3];
}
?1se
z [J 1 [1i 1 [n-1-1] [n-l-j];

[i 1 03 1;

The normalization of the DC term. If DCT-III/DST-III
is required, then parameter norm != 0. The block is
not used for other discrete sinusoidal transforms
computation. Then norm = 0.

___________________________________________________ */
if ( norm )
for (1 = 0, z [0] [0] *= SQRT2; i < n; i++ )
for (j = 0; J < n; J++ )
if (i ==01]] 3 ==0)
z [1] [j] *= SQRT2;

/* Pipelines between rows of the data matrix */

for (i =m - 2; 1 >= 0; i-- )
fo =n / (1 << 1);
f1 = £0 >> 1;
f2 = £f1 >> 1;
f3 = ((1 << 1) - 1) << 1;
for (j = £2; 3 > 0; j--)
k = £3;
u =%k * f1;
ip = £0 - J + u;
ic = f1 - § + u;
z1l = z [ip];
z2 = z [ic];
for ((t = 0; t < n; t++, z2++ )
*z2 -= *z1;

*z1 += *zl++;

?hile (k > 0)

t < n; t++, zZ2++ )
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*z2 -= *z1;
*z1 += *zl++;

}

/* Pipelines along rows of the data matrix */
zl = z [0];

for (t = 0; t < n; t++, z1 = z [t] )
%or (j=1£2; 3 > 0; j--)
k = £3;
u =%k * f1;
ip = f0 - j + u;
ic = f1 - § + u;
zl [ic] -= z1 [ip];
z1l [ip] += zl1 [ip];
while ( k > 0 )
k--;
ip -= f1;
ic -= f1;
z1l [ic] -= z1 [ip];
| z1l [ip] += 2zl [ip];
}

}

for (t = 0, 21 = z [0]; t < n; t++, z1 = z [t]
%or (i=1; 1 < nl; i++ )
%or (k=3 =0, r=1; k < m; k++ )
s =1 >> 1;
j =3+ 3J+1r -8 - 8;
r = 8;
b
%f (i<73)
tmp = z1 [i];
z1l [i] = z1 [3j];
z1l [j] = tmp;
) . .
for (i=1; i < nl; i++ )
for (k=3 =0, r=1; k < m; k++ )

s =1r >> 1;
j=3+3J+1r -8 -s;
r = 3;

b

?f (1< 3)
ptr =z [1];
z [1] = z [J];

| Z ] = ptr
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/* Implementation of the 2-D Butterfly structure

____________________________________________ */
bl = tabl len;
b2 = tab2 len;
%or (s =0; 8 < m; s++ )
half =1 << (s + 1);
ip = half >> 1;
bl -= ip;
b2 -=1ip * ip;

/* Multiplications by cosine coefficients */

for (( j =u = 0; j < ip; Jj++, u = j*ip )
for (k =73; k <n; k += half )
zl = z [k];
z2 = z [k+ip];
for = 0; r < ip; r++ )

(r
for f t =r; t <n; t += half )

z1l [t+ip] *= tcl [bl+r];
z2 [t ] *= tcl [bl+j];
z2 [t+ip] *= tc2 [b2+u+r];

/* Butterflies between rows of the data matrix */
zl = z [k];
z2 = z [k+ip];

for (i = 0; 1 < n; i++ )
tmp = *z2;
*Z2++ = *z1 - tmp;
*z1l++ = *z1 + tmp;
}
/* Butterflies along rows of the data matrix */
zl = z [0];
for (1 =0; i < n; i++, z1 = z [1] )
for ( J = 0; j < ip; Jj++ )
Eor (k =73; k <n; k += half )
tmp = z1 [k+ip];
z1l [k+ip] = z1 [k] - tmp;
z1l [k 1 = z1 [k] + tmp;

}

/* Reordering and transposition of DCT/DST output
data matrix

______________________________________________ */
for (i = 0; i < n2; i++ )
%or j = 0; J < n2; j++ )
x [2*%1 1 [2*] 1 = z [j 1 [i 1;
x [2*i+1] [2*j+1] = z [n-j-1] [n-1i-11;
if ( flag == IDCT )
x [2*1 ] [2*j+1] = z [n-j-1] [i 1:
x [2*1i+1] [2*7 ] = z [j ] [n-i-171;

else
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x [2*1 1 [2*j+1] = -z [n-j-11 [1i 1;
x [2*1+1] [2*] 1 = -z [J ] [mn-1i-171;
}
return (0) ;
VA End of Fast 2-D DCT/DST module ----------- */

4.5 DCT and Data Compression

The amount of information in its many forms (images, text, speech, video, audio,
etc.) that is handled is increasing at a phenomenal rate. As a result, the ability to
access, store, and transmit information in an efficient manner has become crucial,
particularly in the case of digital images. Although representing images in digital
form allows visual information to be easily manipulated in useful and novel ways,
there is one potential problem with digital images — the large number of bits required
to represent even a single digital image directly. In order to utilize digital images
effectively, specific techniques are needed to reduce the number of bits required for
their representation. Fortunately, digital images in their canonical representation
generally contain a significant amount of redundancy (spatial, spectral, or temporal
redundancy). Image data compression (the art/science of efficient coding of the
picture data) aims at taking advantage of this redundancy to reduce the number of bits
required to represent an image. This can result in significantly reducing the memory
needed for image storage and channel capacity for image transmission [36].

The need for image compression becomes apparent when we compute the number
of bits per image resulting from typical sampling and quantization schemes. We
consider the amount of storage for the “Lena” digital image shown in Fig. 4.7. The
monochrome (grayscale) version of this image with a resolution 512 x 512 x 8
bits/pixel requires a total of 2,097,152 bits, or equivalently 262,144 bytes. The color
version of the same image in RGB format (red, green, and blue color bands) with a
resolution of 8 bits/color requires a total of 6,291,456 bits, or 786,432 bytes. Such
an image should be compressed for efficient storage or transmission.

Image compression methods can be classified into two fundamental groups: loss-
less and lossy [34, 36, 37]. In lossless compression, the reconstructed image after
compression is identical to the original image. However, only a modest amount of
compression is possible; typically 1:2 or 1:3 compression ratios are achieved. In lossy
compression, the reconstructed image contains degradations relative to the original.
Generally, more compression is obtained at the expense of more distortion. As a re-
sult, much higher compression can be achieved by lossy techniques than by lossless
techniques. The most used lossy compression technique is transform coding [32]. A
general transform coding scheme involves subdividing an N x N image into smaller
nonoverlapping n x n sub-image blocks and performing a unitary transform on each
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FIGURE 4.7

Monochrome 512 x 512 x 8 bits/pixel “Lena” digital image. Reproduced by
Special Permission of Playboy magazine. Copyright ©1972, 2000 by Playboy.

block. The transform operation itself does not achieve any compression. It aims at
decorrelating the original data and compacting a large fraction of the signal energy
into a relatively small set of transform coefficients (energy packing property). In this
way, many coefficients can be discarded after quantization and prior to encoding.
Most practical transform coding systems are based on DCT of types II and III,
which provides good compromise between energy packing ability and computational
complexity. The energy packing property of DCT is superior to that of any other
unitary transform. Transforms that redistribute or pack the most information into the
fewest coefficients provide the best sub-image approximations and, consequently, the
smallest reconstruction errors. DCT basis images are fixed (image independent) as
opposed to the optimal KLT which is data dependent. Moreover, when compared
to the other image independent transforms, DCT has the advantages of having been
implemented in a single integrated circuit [30] and minimizing the blocklike appear-
ance (blocking artifact) that results when the boundaries between sub-image blocks
become visible. This last property is particularly important in comparison with the
other sinusoidal transforms [34]. Important properties of DCT have proved to be of
practical value, and, therefore, it has become the basic processing unit for data com-
pression in the international image/video coding standards [30, 31, 39, 40, 41, 42].

4.5.1 DCT-Based Image Compression/Decompression

For the purposes of using DCT in real data compression applications, we have se-
lected the JPEG DCT-based image compression and decompression technique. There
are several reasons for this selection. JPEG is the first established/emerging inter-
national digital compression standard for continuous-tone (multilevel) still images,
both monochrome and color [31, 43, 44]. It has been recently recognized as the

© 2001 CRC Press LLC



most popular, simple, and efficient transform coding technique that yields a satis-
factory solution to most of the practical image coding problems. Furthermore, the
JPEG standard played a considerable role in the development of other international
video coding standards. From the methodological viewpoint, the JPEG standard en-
ables one to simply illustrate the compression capability of DCT. Finally, the JPEG
DCT-based coding approach is the basis of hybrid intraframe/interframe MC (motion
compensated)/DPCM (differential pulse code modulation)/DCT coding scheme used
in the international video coding standards: H.261 video coder, MPEG-1 audiovisual
coder for digital storage media, MPEG-2/H.262 digital video coder, MPEG-4 and
H.263 coders for very low-bit rate video coding, digital HDTV standards, and the
CMTT.723 digital broadcasting standard for transmission of television signals [31].

The JPEG standard specifies the basic encoding and decoding operations by means
of specific functions and defines the syntax and semantics of encoded bit stream [31,
43, 44]. Detailed requirements such as file format, spatial resolution, and color space
are not defined by the standard. It is only necessary that the encoding processes
comply with the functions defined by the standard and they produce the valid bit
stream. Thus, there is freedom and flexibility in the actual design and development
of the JPEG compression and decompression system.

The JPEG standard has four main processing modes: sequential, progressive, loss-
less, and hierarchical. The sequential mode provides the variability of coding oper-
ations from a baseline system to an extended one. For simplicity, we consider the
JPEG sequential baseline system. The extended system allows the baseline system to
satisfy a broader range of applications. Input and output data precision in the baseline
system is limited to 8 bits. RGB color images prior to compression are converted
into a monochrome compatible luminance component and two chrominance compo-
nents. The luminance component contains the shades of gray and is a monochrome
image. Two chrominance components together contain the color information. En-
coding/decoding operations in the JPEG baseline system are performed for luminance
and chrominance components.

All compression systems consist of two distinct structural blocks: an encoder and
a decoder. An input image is fed into the encoder, which creates encoded com-
pressed representation of the input data. After transmission over the channel, the
encoded representation is fed into the decoder, where the reconstructed output image
is generated.

The block diagram of the encoder and decoder for JPEG DCT-based image com-
pression and decompression is shown in Fig. 4.8. For processing the luminance
component of an image the algorithm generally consists of the following steps [31,
34, 36, 43, 47]:

* The source image is partitioned into nonoverlapping n x n pixel blocks which
are processed sequentially in a raster scan fashion, left to right and top to bottom.
The JPEG standard uses the fixed block size 8 x 8. Each block is first level
shifted and transformed using DCT. In principle, DCT introduces no loss to
the source samples, it merely transforms them to a domain in which they can
be more efficiently encoded.
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FIGURE 4.8

Block diagram of encoder and decoder for JPEG DCT-based image compression

and decompression.

© 2001 CRC Press LLC



* The 2-D DCT array of coefficients is uniformly quantized. The top left coeffi-
cient in the 2-D DCT array with zero frequency in both dimensions is referred
to as the DC coefficient, and it is proportional to the average brightness of the
spatial block. The remaining coefficients are called the AC coefficients. Prior to
quantization, transform coefficients can be weighted according to their visual
importance using HVS (Human Visual System) sensitivity models [47, 48].

* The quantization of the AC coefficients produces many zeros, especially at
the higher frequencies. To take advantage of these zeros, the 2-D DCT array
of quantized coefficients is reordered using a zigzag pattern [see Fig. 4.9(a)]
to form a 1-D sequence. This rearranges the coefficients in approximately
decreasing order of their average energy (as well as in order of increasing
spatial frequency) with the aim of creating large runs of zero values. The
quantization is a key operation because the combination of the quantization
and runlength coding contributes to most of the compression.

» The final processing step at the encoder is entropy coding. This step achieves
additional compression losslessly by encoding the quantized coefficients more
compactly based on their statistical characteristics. The quantized DCT co-
efficients are variable-length coded using two global different predetermined
Huffman coding tables, one for DC and one for AC coefficients.

At the decoder, after the encoded bit stream is Huffman decoded and the 2-D array
of quantized DCT coefficients is recovered and dezigzag reordered, each coefficient
is inverse quantized. The resulting array is transformed by inverse 2-D DCT and
inverse level shifted to yield an approximation of the original sub-image block. The
same quantization table and Huffman coding tables are used in both the encoder and
decoder.

Each chrominance component of a color image is processed and encoded indepen-
dently in the same way as the luminance component, except that it is downsampled
by a factor of two or four in both horizontal and vertical directions prior to DCT
operation. At the decoder, the reconstructed chrominance component is bilinearly
interpolated to the original size.

The following sections describe the JPEG DCT-based image compression and
decompression system. The description is restricted to one sub-image block only
because the same encoding and decoding operations are performed on each block.
Although required algorithms in the JPEG standard are based on fixed block size
(8 x 8), the system described in this chapter can use larger blocks. In fact, the 2-D
DCT/DST universal computational structure offers the flexibility of computing the
2-D DCT and its inverse for any 2™ x 2™ block size. The encoding and decoding op-
erations are described in detail followed by an implementation in C. Where necessary,
the input and output data samples are provided; they can be useful for verification of
the correctness of a given program module. Low-level routines — setting quantiza-
tion table, computation of Huffman coding/decoding tables, Huffman encoding and
Huffman decoding — are based on shareware generated by Independent JPEG group
(Thomas G. Lane) [49]. Program modules together provide the simple, efficient, and
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low-cost image compression and decompression system which the reader can use in
his or her own data compression applications.

4.5.2 Data Structures for Compression/Decompression

One of the most important aspects of image/video coding standards is to define
data structures so that a decoder can decode the received bit stream efficiently and
without any ambiguity. This section shows header files that contain definitions and
declarations of data structures for an image compression and decompression system.

The header file JPEGDEF.H contains macro definitions and the definition of data
structure for the Huffman coding/decoding table.

*

JPEGDEF .H
#define SIZE 16 /* max dimension of the block */
#define I LEVEL 256 /* the number of gray levels */
#define DCT 1 /* 2-D DCT computation */
#define DISABLE NORM 0 /* disable DCT normalization */
#define SQRT2 0.707106781186547 /* sqgrt (2) */
#define LOOKAHEAD 8 /* # of bits of lookahead */
#define MIN _GET BITS 15 /* minimum allowable value *;
K e e D e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e - *
/* Huffman coding and decoding table *;
* D e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e == *
struct huff table {
/* bits [k] = # of symbols with codes of length k bits,
bits [0] is unused */
unsigned char bits [17];
/* Symbols in order of incremental code length * /
unsigned char hufval [256];

* ENCODING TABLES */
unsigned int hufcode [256]; /* code for each symbol */
char hufsize [256]; /* and its length */
/* DECODING TABLES *

/* Basic tables: element [0] of each array is unused */
long int mincode [17]; /* smallest code of length k */
long int maxcode [18];
/* and largest code (-1 if none) */
/* Index of 1lst symbol of length k */
int valptr [17];
/* Lookahead tables: indexed by the next
LOOKAHEAD bits of the input data stream. If the next
Huffman code is no more than LOOKAHEAD bits long, it
can be obtained its length and the corresponding
symbol directly from these tables */
int look nbits [1<<LOOKAHEAD] ;
/* # bits,or 0 if too long */
unsigned int look sym [1<<LOOKAHEAD] ;
/* symbol,or unused */

!

The header file JPEGDATA.H contains declarations of variables and arrays for the
image compression and decompression system. Declarations for JPEG luminance
sample quantization table, zigzag, and dezigzag scanning patterns are shown for 8 x 8
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block size only. For larger block sizes, the user must specify the corresponding arrays
for a given block size. The JPEG DCT-based image compression and decompression
system has two optional parameters: the block size and a quality factor for scaling

the quantization table.

*

JPEGDATA .H

unsigned char out buffer [256];
/* output bit stream buffer
int bytes_ in buf;
/* and # of bytes in it
int encode bits;
/* # of bits for compressed block

int exp val; /* log2 value of block size

int blk size; /* block size

int center samp; /* center sample value

int tdc_ last; /* the last DC value for encoder
int rdc last; /* the last DC value for decoder
int g factor; /* quality factor

long int total bits;
/* total # of bits for original data
long int total bytes;
/* total # of bytes for original data
long int cmprs bits;
/* total # of bits for compressed data
long int cmprs bytes;
/* total # of bytes for compressed data
double dct block [SIZE*SIZE];
/* 2-D DCT block of coefficients
double *dctptr [SIZE]; /* pointers to its rows
double scaling; /* scale factor for DCT normalization
double bit rate; /* the # of bits per pixel (bpp)
double cmprs ratio; /* compression ratio
/* # of symbols with codes of length k bits
(lumbits [k]) and symbols in order of incremental
code length (lumval [k]) for DC luminance
values - valid for 8-bit data precision
unsigned char dc lumbits [17] =
{6,0,1,5,1,1,7,1,1,1,0,0,0,0,0,0,0};
unsigned int dc lumval [12]
={0,1,2,3,4,5,6,7,8,9,10,11};
/* # of symbols with codes of length k bits
(lumbits [k]) and symbols in order of incremental
code length (lumval [k]) for AC luminance
values - wvalid for 8-bit data precision
unsigned char ac lumbits [17] =
{0,0,2,1,3,3,2,4,3,5,5,4,4,0,0,1,0x7d};
unsigned char ac_ lumval [162] =
0x01, 0x02, 0x03, 0x00, 0x04, O0Ox11l, O0x05, O0x12,
0x21, 0x31, O0x41, 0x06, 0x13, 0x51, 0x61l, 0x07,
0x22, 0x71, 0x14, 0x32, 0x81, 0x91, Oxal, 0x08,
0x23, 0x42, 0xbl, Oxcl, 0x15, 0x52, 0xdl, 0xfoO,
0x24, 0x33, 0x62, 0x72, 0x82, 0x09, 0x0a, 0xl6,
0x17, 0x18, 0x19, Oxla, O0x25, 0x26, 0x27, 0x28,
0x29, 0x2a, 0x34, 0x35, 0x36, 0x37, 0x38, 0x39,
Ox3a, 0x43, 0x44, 0x45, O0x46, 0x47, 0x48, 0x49,
Ox4a, 0x53, 0x54, 0x55, 0x56, 0x57, 0x58, 0x59,
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Ox5a, 0x63, 0x64, 0x65,
Ox6a, 0x73, 0x74, 0x75,
O0x7a, 0x83, 0x84, 0x85,
0x8a, 0x92, 0x93, 0x94,
0x99, 0x9%9a, 0xa2, 0xa3,
0xa8, 0xa9, Oxaa, 0xb2,
0xb7, 0xb8, 0xb9, 0xba,
O0xc6, 0xc7, 0xc8, 0xc9,
0xd5, 0Oxdé6, 0xd7, 0xds,
0xe3, 0xe4, 0xeb, 0xe6,
oxfl, Ooxf2, 0xf3, 0xf4,
0xf9, Oxfa };

struct huff table dc_table;
struct huff table ac table;

0x66,
0x76,
0x86,
0x95,
Oxa4,
0xb3,
0xc2,
0xca,
0xdo9,
0xe7,
0xfs5,

0x67,
0x77,
0x87,
0x96,
0Oxabs,
0xb4,
0xc3,
0xd2,
Oxda,
0xe8,
oxfe6,

0x68,
0x78,
0x88,
0x97,
O0xa6,
0xb5,
0xc4,
0xd3,
oxel,
0xe9,
oxft7,

0x69,
0x79,
0x89,
0x98,
0xa7,
0xb6,
0xc5,
0xd4,
0xe2,
Oxea,
0xfs8,

/* Huffman DC code table
/* Huffman AC code table

/* luminance sample quantization table for 8 x 8 DCT
int gbase8 tbl [8%*8] =
{16, T1, 10, 16, 24, 40, 51, 61,
12, 12, 14, 19, 26, 58, 60, 55,
14, 13, 16, 24, 40, 57, 69, 56,
14, 17, 22, 29, 51, 87, 80, 62,
18, 22, 37, 56, 68, 109, 103, 77,
24, 35, 59, 64, 81, 104, 113, 92,
49, 64, 78, 87, 103, 121, 120, 101,
72, 92, 95, 98, 112, 100, 103, 99 };
/* zigzag scanning pattern for an 8 x 8 DCT transform
int zag8 [8*8] =
0, 1, 5, 6, 14, 15, 27, 28,
, 4, 7, 13, 16, 26, 29, 42,
3, 8, 12, 17, 25, 30, 41, 43,
9, 11, 18, 24, 31, 40, 44, 53,
10, 19, 23, 32, 39, 45, 52, 54,
20, 22, 33, 38, 46, 51, 55, 60,
21, 34, 37, 47, 50, 56, 59, 61,
35, 36, 48, 49, 57, 58, 62, 63 };
/* dezigzag scanning pattern for an
8 x 8 DCT transform
int dezag8 [8*8] =
{ o, 1, 8, 16, 9, 2, 3, 10,
17, , 32, 25, 18, 11, 4, 5,
12, 19, 26, 33, 40, 48, 41, 34,
27, 20, 13, 6, 7, 14, 21, 28,
35, 42, 49, 56, 57, 50, 43, 36,
29, 22, 15, 23, 30, 37, 44, 51,
58, 59, 52, 45, 38, 31, 39, 46,
53, 60, 61, 54, 47, 55, 62, 63 };

4.5.3 Setting the Quantization Table

*/

JPEG gives simple and easy quantization methods and suggests informative tables
for DC and AC coefficients [31]. One such informative quantization table for the
luminance component is shown in the header file JPEGDATA.H. Although default
quantization tables are provided by the JPEG standard for both luminance and chromi-
nance processing, the user is free to design custom tables which can be adapted to the
characteristics of the image to be compressed.

The quantization of the DCT coefficients is based on properties of the HVS which
tolerates more quantization errors at higher frequencies than at lower frequencies. It
means that the transform coefficients have different visual sensitivities; visual per-
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ception is less sensitive to the high frequency coefficients and more sensitive to low
frequency coefficients. Thus, the weighting factors are selected to produce coarser
quantization of high frequency coefficients and finer quantization of the low frequency
coefficients.

The quantization table can be scaled to provide a variety of compression levels.
JPEG specifies the following possible bit rates and quality rates [31]:

l

0.25 0.50 bpp: moderate to good quality

0.50 ~ 0.75 bpp: good to very good quality

0.75 1.50 bpp: excellent images

1.50 ~ 2.00 bpp: indistinguishable images (visually lossless)

Z

2

The quantization table in the JPEG DCT-based image compression and decompres-
sion system is scaled according to a specified quality factor. The quality factor takes
values in the range 0-100 (given as percentage) with the scaling value of 50 corre-
sponding to the basic quantization table. The value of 100 will cause elements of
the quantization table to be equal to 1 for an 8 x 8 block size and to equal to 2 for a
16 x 16 block size. The elements of the quantization table are in the range from 1
to 255.

The following program sets the user quantization table according to the specified
quality factor.

SET USER QUANTIZATION TABLE ACCORDING TO DEFINED
"QUALITY'

Set a quantization table equal to the basic table times
a scale factor (given as a percentage). The basic table
is used as-is (scaling 100) for a quality of 50. Values
of the basic table produce "good" quality, and when
divided by 2, "very good" quality. These two settings
are selected by quality = 50 and quality = 75,
respectively. Qualities 50 ... 100 are converted to
scaling percentage 200 - 2*Q. Note that at Q = 100 the
scaling is 0, which will cause gnt tbl to make all the
table entries 1 (no quantization loss).

#include "jpegdef.h"

void set gtable (
int *gnt tbl, /* user quantization table */
int blksize, * block size */

int *gbase tbl, /* basic quantization table */
int quality ) /* quality factor */

int i;
long int temp;
/* Safety limit on quality factor (convert 0 to 1 to
avoid zero divide) */
if ( quality <= 0 )
quality = 1;
else
if ( q